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Abstract

We provide a rigorous lattice approximation of conformal field theories given in
terms of lattice fermions in 1+1-dimensions, focussing on free fermion models and Wess-
Zumino-Witten models. To this end, we utilize a recently introduced operator-algebraic
framework for Wilson-Kadanoff renormalization. In this setting, we prove the conver-
gence of the approximation of the Virasoro generators by the Koo-Saleur formula. From
this, we deduce the convergence of lattice approximations of conformal correlation func-
tions to their continuum limit. In addition, we show how these results lead to explicit
error estimates pertaining to the quantum simulation of conformal field theories.
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1 Introduction

A rigorous mathematical formulation of quantum field theory (QFT) is one the central
challenges for the new millennium [83]. A variety of approaches to build a rigorous theory
of QFT have been employed throughout the past decades and have lead to deep results and
insights — from constructive QFT [38, 39, 87| to algebraic QFT [48, 65, 3], vertex operator
algebras (VOAs) [6, 32, 33, 90], and beyond [82, 46, 47]. However, a completely satisfactory
mathematical theory of QFT is still yet to be obtained. For this reason a proof of the
rigorous existence of (and mass gap for) Yang-Mills theory was selected as one of the Clay
maths prize problems.

Several key difficulties to obtaining a rigorous formulation of QFT are already epitomized
by 1+ 1-dimensional gapless quantum field theories, in particular, conformal field theories
(CFTs) where a variety of constructions and classifications results has been obtained [4, 22,
27,92, 12, 34, 14, 59, 17].

A natural strategy to prove the existence of such a theory is to somehow realize it
as the limit of a sequence of discretized approxzimations (see [53, 54, 55, 11, 60, 72] for
recent attempts in a Hamiltonian setting), or lattice models, on finite spatial lattices Ay =
en{—Ln,—Lny+1,...,Ln—2,Ly—1} C enZ, where L = enry is the length of the system.
Associated to each lattice site z € Ay is a quantum degree of freedom, typically modeled
by a Hilbert space H,, so that one assigns the total Hilbert space Hy C ®xeAN H, to the



system!. One requires, further, a Hamiltonian H(()N) for each discretization

HY = Loy 3 0,

TEAN
which is a sum of self-adjoint operators hch) on H with finite support centered on x. A key
additional ingredient that must be specified is a C*-algebra 2y (considered as a subalgebra
of the bounded operators B(Hy) on Hy) of basic observables or fields, corresponding to
discretizations of their potential continuum counterparts. Given this data the task is to
assign mathematical meaning to the scaling limit of {An, Hn, HéN)}.

A multitude of challenges must be overcome to realize this limit, in particular: (a)
specifying the mathematical data to compare the discretizations with differing lattice size
(and hence the topology for the limit); (b) identifying the correct lattice Hamiltonians for a
target QFT; (c) proving the convergence of the sequence; and (d) proving that the requisite
symmetry groups of the QFT are realized via projective unitary representations on the limit
space. The recovery of expected continuum symmetries, i.e., requirement (d), typically poses
severe difficulties (see [84, 18, 52, 24] for major advances in two-dimensional critical lattice
models in the Euclidean framework).

The recently introduced operator-algebraic renormalization (OAR) [86, 70, 11] supplies
a novel approach to defining, and proving the existence of, the above limit in Hamiltonian
approach, thus overcoming the four challenges outlined in the previous paragraph. To do
this one introduces the following additional structures:

e Refining quantum channels, which are unital completely positive (ucp) maps, oz% 41t
An — An41, connecting the observable algebras between the different scales. These
induce dual coarse-graining trace-preserving completely positive (tpcp) maps E]]\\,”rl
between the state spaces, or density matrices respectively preduals, B(Hyy1)s —
B(Hn)«, in the ultraweakly continuous case. Here, B(H ). denotes the predual on
B(Hy), i.e. the trace-class operators on Hy.

(N)

e asequence of initial (bare) states w; ’ on the algebras 2y, possibly given by a density
matrix p(()N) € B(Hn)«, which are renormalized according to wg\y) = w(()N+M) ook M

The scaling limit is then obtained via the Gelf’and-Naimark-Segal (GNS) construction?

{H oo, Too, oo } applied to the inductive limit A, = hgl N A and scaling-limit state wéév ) —

limps oo w](\ffv) (the existence of the latter usually requires the imposition of additional renor-

(N

malization conditions on the sequence wy )). The convergence of Hamiltonians HéN) — His

considered in terms convergent operator sequences limps_, o im sup y_, o ||H(()N) —al! (HéM)) Il
in a suitable operator topology (or their associated unitary respectively automorphism
groups) [23]. It is important to note that this convergence is a direct extension of the
convergence that describes the inductive-limit algebra 2., i.e., each element O € 2, is the
limit of a convergent sequence Oy in the sense that:

lim limsup |[|Ox — Oé%(OM)HC* = 0.
M—o0o N_yoo

'In the cases considered in this paper the total Hilbert space is provided by fermionic Fock space Fa(hn)
based on a one-particle space hy for a particle with spin hopping on Ay, which can be realised as subspace
of a direct sum of tensor products of smaller Hilbert spaces.

2Informally, this means that the continuum Hilbert space and its inner product are reconstructed from
the correlation functions of the basic observables 2 in the scaling limit weo.
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To obtain a (full) CFT via an OAR scaling limit one needs to realize the infinite-
dimensional conformal group of symmetries via projective unitary representations on the
limit space. This requires the additional identification of a discretized family of generators
corresponding to the Virasoro algebra with central charge c [22],

[Li, L) = £(k = k') Ly + Oppwr 075 (2E) ((2E)? = 1),

Lk, L) = £(k — k) Ly + Opar 05 (25) ((£k)* - 1),
[Lk;Zy]ZZO

Such a family is furnished by the Koo-Saleur (KS) approximants [61]

B9 =4 (st [ ) T (1 0],

where the lattice hamiltonian Fourier modes are given by

HIEN) —Lgy Z eikxhch)7

s
zEAN
with £ € I'y in the dual lattice. The inductive family of ucp maps a% 41 must be carefully
chosen to ensure the existence of (meaningful) scaling limits (interestingly the inductive-limit
algebra is somewhat insensitive to the specific realization of each map [5]). We focus on
two classes (and their combination): a real-space renormalisation group based on wavelets
and their scaling functions [21] which explicitly maintains locality of the algebra and a
momentum-space renormalisation group based on a sharp cutoff in momentum space. With
this preliminary data in hand we turn now to a summary of the main results.

1.1 Main results

Let us give a brief overview of the results presented in this paper. The main results are
presented in abridged form as Theorems A to C accompanied by references to the appropriate
statements in the main text. The basis of our results is a scaling limit construction for
free lattice fermions using OAR. This entails that our approximation results for CFTs,
i.e. the convergence of the KS approximants and other current-type fields, are currently
restricted to free-fermion CF'Ts, products thereof and certain CFTs embeddable into those
(see below). Although, we phrase all results in terms of complex fermion algebras, fully
analogous statements also hold for suitably defined self-dual fermion algebras (Majorana
fermions), as explained in the main sections. Specifically, we consider scaling limits weo of

the ground state w(()N) of a quadratic lattice Dirac Hamiltonian:
eyt Z ( oDl 0 —aV1a® +hc. +)\N( (D) _ S:Q)TCLQQ))) 7
TEAN

in the massless case Ay = 0. Here, a,, aln are the usual annihilation and creation operators
generating a complex fermion algebra 2y associated with the lattice Ay.

The first main result of the paper concerns the convergence of the KS approximants
to the continuum Virasoro generators in projective unitary positive-energy representations
with central charge ¢ = %, 1 associated with free-fermion scaling limits we.,. The convergence
holds on the natural domain of finite-energy vectors in Fock space (with respect to the chiral
conformal Hamiltonian L4 o arising from HéN)) [16]. Here and in the following, &+ denotes
the chiral and anti-chiral components defined in Section 2.4. In the main text, this result is
stated as Theorem 4.16, where all details can be found.
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Theorem A (Convergence of the Koo-Saleur approximants for mo,). Let woo be a massless

(N)

scaling limit of the free-fermion ground state wy ' and 7 its GNS representation. The
chiral Koo-Saleur approzimants, L,({{\Q, converge strongly to the continuum Virasoro gener-
ators, Ly +, on the dense, common core Dg, C Hoo spanned by finite-energy vectors of the
chiral conformal Hamiltonian L4 o:

(N)

li (:Ww(aévo(Li,k))z =Ly k)9l =0,

N. |
—00
for all ¢ € Dgy,.

The proof of this theorem is a consequence of the basic Lemma 4.15 and exploits the
momentum-cutoff renormalization group given in Definition 3.16 in combination with known
results concerning the implementability of Bogoliubov transformations in quasi-free repre-
sentations of fermion algebras (see Section 2.1.1).

A version of this result for the Fock representation with ¢ = 0 (not of positive energy)
is given in Theorem 4.9 and another one for smeared Virasoro generators in Theorem 4.25.
Moreover, a similar result can be obtained for the lattice approximation of Wess-Zumino-
Witten (WZW) currents (see Section 5 and Theorem 5.2).

The second major result of our paper concerns correlation functions of fermion operators
under the action of conformal transformations generated by Virasoro generators. Informally
it states that the finite-scale dynamical correlation function approximate the continuum
dynamical correlation functions for arbitrary collections of operators in the (chiral) fermion
algebra (especially including trace-class generators of quasi-free derivations as in [95]). This
results is referred to as Theorem 6.1 together with Corollary 6.2 in the main text.

Theorem B (Convergence of fermion correlation functions). Let s € C“(R) be a sufficiently
regular, compactly supported orthonormal Daubechies scaling function, and mo be the scaling
limit representation of the fermion algebra A associated with the free-fermion scaling limit
Woo- Then, for any convergent sequences { AN} NeNy, {BN}NeN, with limits A, B € Ao and
uniformly in t € R on compact intervals, we have:

tim (25, 7™ (An)o™ (7™ (Ba) Q) = (Qoos oo (A) 01 (00 (B)) o0

N—o0
where Q(()N), 7WN) are the GNS-vector and -representation of w(()N). UgN) and oy are 1-

parameter (semi-)groups of Bogoliubov transformations generated by a (smeared) Koo-Saleur
approximant or a (non-)abelian current and their continuum analogues respectively.

The proof of this theorem is implied the existence of the scaling limit of ground states
due to Lemma 3.18 and Lemmata 4.7, 4.15 & 4.23 because of the semi-group convergence
theorem [56, Theorem 2.16, p. 504], cf. also [25, Theorem 1.8, p. 141].

The final major result pertains to the correlation functions of the Virasoro algebra in
free-fermion CFTs yielding a result comparable to that presented in [97]. Similar to Theorem
B, we find that the correlation functions of smeared Virasoro generators respectively their
exponentials, which generate local Virasoro nets [12, 34] (here with central charge ¢ = %, 1),
are obtained as limits of ground state correlation functions of the Koo-Saleur approximants.
This results is referred to as Theorem 6.5 in the main text.



Theorem C (Convergence of Virasoro correlation functions). Let s € C*(R) be a suffi-
ciently regular, compactly supported orthonormal Daubechies scaling function, and ms be
the scaling limit representation of the fermion algebra Ao, associated with the free-fermion
scaling limit wse. Then, for any n € N and convergent sequences of smearing functions

Xnp Nzoo Xp, N € Ng and p =1, ...,n with sufficient reqularity, we have:
Jim (e, T+ (e 0 02) (L2 (X)) ) = (O H La(X
p:
and similarly,
. - i:(mocoa) )(L(N)(XN )): _ ‘ L4 (Xp)
]\}E}noo(QOOaplg[le ’ QOO) (9007;;[16 QOO) ’

Moreover, the finite-scale correlation functions of the scaling limit state wo can be approz-
imated in terms of the renormalized finite-scale states:

OO,H oo (0l (L (X)) - © )=wéév><ﬁ<LiN><XN,p>—wéé“(LiN)(XN,p»»

p=1

= fim H (Xvp) =Wl (X))

= lim_ wé“M)(f[<a%+M<L§éV><XN7p>>— W N (LX)

p=1
and similarly,
oo,HeZ e O, ) = ([ " om0 (0w

p=1

— lim w™(TT e E8” ) =iwiy (L (X p)
MgnoowM (H@ P M P )

n
. N . (N+M N
= lim w5N+M>(Hem%+M<L;><XN,p>>fwé N (B8 X))y |
M
— 00 p:1

where wi) = we 0 A s and L(N) (Xn)= ﬁZkeFNXN‘kL(ﬁQ (similarly for Ly (X)).

The proof of this theorem is a consequence of the convergence of the scaling limit pro-
cedure for the ground states stated in Lemma 3.18 in combination with the extension of
Theorem A to smeared Koo-Saleur approximants and Virasoro generators given in Theo-
rem 4.25. It equally well applies to WZW currents instead because of Theorem 5.2 and its
generalization.

In view of the seminal work of Koo and Saleur [61], it should be noted that the con-
vergence of the KS approximants for free-fermion CFTs was anticipated therein. Specifi-
cally, exact agreement with the Virasoro generators in expectation values with respect to
lattice ground states in a formal scaling limit construction was found for central charges
c=0, %, —2. Thus, our results yield a rigorous justification of the computations in [61] for
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the cases ¢ = 0, % Moreover, our construction of scaling limits we, using OAR provides
a detailed mathematical framework for the scaling limit considered by Koo and Saleur,
allowing for the approximation of Virasoro generators in an operator sense (strong opera-
tor topology) instead of expectation values (weak operator topology). This is achieved by
explicitly constructing a Hilbert space of states via the GNS representation of w., corre-
sponding to scaling limits of the low-lying excited states relative to the lattice ground state
w(()N). Interestingly, the exact formal as well as rigorous results for the approximation of
the Virasoro generators by the Koo-Saleur formula essentially rely on the definition of the
correct scaling limit representation by subtracting vacuum/ground-state expectation values,
which corresponds to normal ordering as the Virasoro generators and KS approximants are
quadratic expression in free fermions. Therefore, it appears reasonable to assume that the
failure of the exact computations in [61] for general central charge ¢ < 1, is due, at least in
part, to the insufficiency of this procedure in the general case. To allow for a more direct
comparison between [61], we translate our formulation in terms of fermions into the language
of Temperley-Lieb algebras [89, 45] in Section 4.2.1.

We point out that in addition to the treatment of currents of WZW models, our results
also cover the scaling limit of the transverse-field Ising model, which is intimately related
to the two-dimensional classical Ising model [66, 80], in the following sense: (1) the lattice
ground states converge to their appropriate limit on the subalgebra of even observables (by
the Jordan-Wigner isomorphism [27]), (2) the Koo-Saleur approximants converge to the
correct Virasoro generators in the representation associated with the scaling limit (as also
observed in [97]). The convergence with respect to the full observable algebra including odd
observables [64, 7] and their conformal covariance requires additional work going beyond
the scope of the present paper and will be treated in a separate publication adapting results
from [79].

Although, in this paper, we restricted our treatment to scaling limits of fermion systems
and their quasi-free representations, or systems based thereon such as WZW models, not
least to show the validity of our approach to recover conformal symmetry in the scaling
limit via OAR in the clearest possible manner, the general method is not restricted to this
setting. But, to handle, for example, arbitrary rational CFTs, it will be necessary to address
lattice models involving anyonic chains [29, 97]. To employ OAR to such models, we need
an appropriate family of refining maps. Such a potential family of such maps is induced by
the Jones-Wenzl projection [93, 57]. However, this it is beyond the scope of this paper and
will be presented elsewhere.

Furthermore, our current treatment of WZW models only allows for a central charge in
the range » < ¢ < D, where D is the number of copies of fermions and r is the rank of Lie
algebra of the model. To allow for a central charge ¢ < 1, a natural next step is to check
the compatibility with the coset construction [40, 41]

In addition, it would be interesting to understand whether the analysis presented here
extends to the setting of so-called “symplectic fermions” [78, 58, 35] with ¢ = —2 correspond-
ing to one of the case where exact formal results were obtained by Koo and Saleur [61]. Such
an extension appears to be feasible because the algebraic structure of the continuum chiral
algebra generated by the symplectic two-component fermion can be discretized by multi-
scale decomposition using the adjoint conditional expectations Oé]\N/[ , M > N, associated with
the refining quantum channels (cp. Section 1.2). But, it needs to be clarified whether such a
discretization of the continuum model can be recovered via the renormalization group flow
in OAR from a suitable Hamiltonian lattice model, e.g. the XX spin chain formulation of
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dense polymers [78]. This said, we leave a detailed analysis of this case for future work.

1.2 Comparison with other approaches

The strategy outlined above is by no means the only one may adopt to realize QFT's rigor-
ously. Indeed, tremendous effort and major successes have been obtained by focussing on
other approaches where the Hilbert space of the quantum field theory is realized directly in
the continuum or by probabilistic Euclidean methods (see [87] for an overview), and most
recently in the context of stochastic quantization (see, e.g., [47, 50]). Our approach can
be viewed as closely related to the quantum mechanical constructions of Glimm-Jaffe and
others [36, 37, 38] in contrast with Euclidean approaches. Moreover, considerable dividends
are paid by the discretization approach because, if realized correctly, one obtains a sequence
of quantum lattice systems which are directly amenable to quantum simulation on quantum
computers (we comment on this aspect in Remark 4.34, see also [73]). This was emphasized
by Zini and Wang, who made the first concerted effort to realize CFTs via limits of Hamil-
tonian lattice models. Below we summarize their approach to scaling limits in the context
of OAR.

Zini and Wang [97] define a low-energy scaling limit with the following data:

e A nested sequence of (energy-bounded) subspaces ’Hff C Hf,/, associated with energy
scales £/ > E > 0,

e connecting unitiaries qbﬁ : Hf, — ’HE,_H for sufficiently large N, i.e. a stabilizing
dimension dim H% = dg for all N >> 0,
e and the extension property: (;Sﬁ = f;{' g for B/ > FE.
N
The scaling limit results from an inductive limit HE = ligN ’Hff along the connecting
unitaries, and, by the extension property, gives a coherent system of energy-bounded Hilbert
spaces HEZ C %;E; C Hoo for E < E’. The convergence of Hamiltonians is understood in
terms of convergent operator sequences limy ;oo limpyr_ o0 HHO(‘]E) —gbﬁﬁN,HO(‘]\Q(gbf,_)N,)* ||
for some suitable semi-norm || .||, which should determine H|g (e.g. by the second Trotter-
Kato approximation theorem [74]). Here, | indicates the restriction of the Hamiltonians to
energies below F, and ¢]€, _, v results from the iteration of the connecting unitaries between
scales N < N’. Again, because of coherence in E, this defines H acting on H.

Zini and Wang also define the notion of strong scaling limit, which describes the case,
when d)% _, v results from the restriction of an isometry ¢y : Hy — Hn41 to the energy-
bounded subspace.

For Qn(.,.) = (., ON.)7y, the sesquilinear form associated with O € 20y, convergence
is defined as convergence,

. . E E E
]\}gnoo ]1\%/13 QN’(¢N—>N’( : )7 ¢N—>N’( : )) =Q7,
on HE (similar to the convergence of the Hamiltonians).
Zini and Wang observe [97, p. 898] that compatible embeddings 7 : An — An 41,

¢n o Oy =7N(OnN) ©dnN,

in the special case of a strong scaling limit, yield an (operator-)algebraic scaling limit of
the observable algebras [, = hgrl N 2An along these embeddings. They also conjecture that
higher-level anyonic chains have this property.
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We now explain how these scaling limits are recovered via OAR: Assuming that we
have constructed the inductive limit algebra 2., together with a scaling limit state wgév ),
we can perform the GNS construction at each scale N resulting in a sequence of triples
{”H&V) (N) Q(N)} together with isometries V]{,VH : ’H(()ZOV) — Hgﬂ) induced by O‘%H such

that VN+1Q(N) =0 and:
VN+1 © 77( )(ON) (NH)( +1(ON)) 0 VNN+1-

Thus, we find that the compatibility condition of Zini and Wang is precisely recovered by
the inductive-limit structure of the scaling-limit Hilbert space Ho, in the operator-algebraic
formulation. Moreover, if the GNS representations {Hg\]}[),wg\]}), Qg\]})} of the finitely renor-
malized states w](\flv) are unitarily equivalent, e.g. assuming a Stone-von Neumann-type result
at finite scales, that is, if there are (connecting) unitaries,

N N
NS ng) - Hg\/llb

we can recover the structure of a low-energy scaling limit (the extension property follows

again from the GNS construction because w](\];ll = w](\14\1+1) o a% +1), such that N plays the
role of the energy scale E. The overall structure is illustrated in Figure 1.

¢N+2 : :
WNRE L e
N+
¢N+1J N+1 GN+1 TO‘%E
WD, v T o WD Ay
¢N J N+1 JEN-Q-I Ta%—Fl
0
w(()N)% ng) % sz) % wg)\f) An

Figure 1: Enriched version of Wilson’s triangle of renormalization [94]: Coarse-graining quantum
channels (£’s) between quantum states, refining quantum channels between observables/fields (a’s),
and low-energy unitaries (¢’s) between renormalized representations (if existent).

(Such structures are also achieved in the operator-algebraic renormalization of a scalar
lattice field [70].)

It is worth pointing out that such a structure is not immediately available for the
operator-algebraic renormalization of (free) massless chiral lattice fermions in 14-1-dimensions
considered here. The obstruction, however, is not the failure of the finitely renormalized

states w](é[v) to be pure. What the connecting unitaries qﬁ]]\\/ff require is that the GNS rep-

resentations of the w](\];) carry a common multiplicity — this is the precise content of the
Stone-von Neumann-type assumption made above — and for a quasi-free state on a finite
lattice that multiplicity equals 2™, where m is the number of eigenvalues of the symbol lying
strictly between 0 and 1. What is at issue is therefore the constancy of m in M, and not
its vanishing. On the chiral subalgebra m is constant at every finite M, so the connecting
unitaries do exist at all finite scales; it collapses only in the limit M — oo, and then only
for the momentum-cutoff renormalization group of Section 3.2, the wavelet renormalization
group of Section 3.1 leaving m constant up to and including the limit. The mechanism

behind the mixedness is indeed the entanglement of the chiral halves, and it is quantitative:
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by (60) and py = 1(12 + o) one has ||[P)(;):0(k),p¥]|\ = $|sin(3enk)|, so that the chiral
restriction of the lattice vacuum is mixed with an extensive entropy, of density 2In2 — 1 per
site, carried by the modes at the boundary of the Brillouin zone and of order (¢xk)? on the
modes that survive the scaling limit.3

An important difference of our approach with the construction by Zini and Wang is that
our renormalized Hilbert spaces HS\]P and the connecting unitaries q&AN/[ are not necessarily
associated with energy bounds, and indeed can be far more general, e.g., in the wavelet
approach formulated in [86] and in Section 3.1 the parameter N is associated with a spatial
resolution, while energy bounds are similar to the momentum-cutoff approach, see [70] and
Section 3.2. This flexibility enables us to overcome a major challenge facing the construction
of Zini and Wang’s strong scaling limit, namely that the addition of irrelevant terms to the
lattice discretizations, resulting in lattice-scale artifacts, makes it difficult if not impossible
to find connecting unitaries.

In summary, the core differences between the scaling limit construction of Zini and Wang,
and the OAR, may be summarized as follows:

e In the framework of Zini and Wang, the Hilbert space Ho of the scaling limit, in other
words the sector of the observables, is fixed from the outset by the specification of the
connecting unitaries (¢’s) and the energy-bounded subspaces, or by the connecting
isometries in the strong scaling limit. Then, the renormalization of the Hamiltonian
and other observables amounts to determining all compatible operators (or sesquilinear
forms), i.e. Q, on Hoo. Because the sector is fixed by the provision of the connecting
unitaries, quantum states are in essence not renormalized.

e In the framework of operator-algebraic renormalization, we fix a minimal set of ob-
servables over all scales, i.e. 2, the consistency of which is described by the refining
quantum channels (a’s). In turn, the renormalization of states is used to find (all)
sensible, compatible states on 2(,, by starting from initial choices on each scale.

In this respect, we observe that the two notions of convergence of Hamiltonians (and ob-
servables) relative to the scaling limit Ho, can be compared using the GNS isometries,
because

V]{,VH © Wéév)(ON)(VJyH)* :7T<(>£>V+l)(OJ%H(ON))pimVI{,V+1

where p; VY., is projection onto the image of V]<,V 1

A second key contribution to the mathematical literature on approximations of CFT's is
found in papers building tensor-network approximations via matrix product states [62, 63]
in the context of VOAs or wavelets and their scaling functions in a Hamiltonian lattice
setup [28, 49, 95]. Specifically, in the latter group of papers a central role is also played
by an inductive system of quantum channels af\\f/l, M > N, or more precisely their adjoint
conditional expectations [26],

a%:QIM—>Q[N, M > N,

These are used to define coarse-grained fermion fields as well as finite-scale approximants
of (trace-class) second-quantized one-particle operators. In that respect, it should be noted

3These statements, and the closed forms behind them, are proved in the companion note
zini-wang-comparison.tex of the same source directory: Corollary 3.2 there gives the criterion, Theorem
4.1 and Corollary 5.1 the collapse at M = oo, and Corollary 5.2 the entropy density.
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that the main theorem of [95] concerning the approximation of correlation functions of the
continuum free fermion field only applies to the insertion of basic fermions in the sense of our
Theorem B, see [95, Theorem 4.4, p. 31]). Thus, more general operators such as Virasoro
generators L4 j, or WZW currents are explicitly excluded. Such restriction do not apply in
the OAR approach we adopt here. Another important difference in comparison with the
operator-algebraic approach is the need for a continuum model to define the approximants
using the conditional expectations a7, which is not intrinsically required by our method.
It should also be noted that the approximation of correlation functions achieved in [49, 95]
is deduced from an error bound of the form,

Oy ... 0n)N) —(01...00) cont| SOR2N)+O(e log €),

requiring an e-dependent choice of scaling functions to define the lattice correlation function
(O1...0,)N) N = N(¢g), and achieve a desired degree of accuracy prohibiting a rigorous
proof of convergence in the scaling limit. Although it should be said, that NV is expected
to decay exponentially with e, which would entail the aforesaid convergence, according to
[95] and the references therein. Such an adaptation of the chosen scaling functions to the
accuracy goal of the approximation is not required by OAR.

Finally, let us comment on further results in the literature.

In [44] (see also [43]), there is very interesting work on the KS approximants in the
setting of the XXZ spin chain in terms of Temperley-Lieb algebras as in [61]. The authors
consider a certain “weak-scaling” procedure, which we would paraphrase as weak operator
convergence of KS approximants and products thereof. Interestingly, the weak convergence
is restricted to a certain class of scaling states lattice states, which we believe roughly cor-
respond to the states identified by the GNS representation of the scaling limit {20, woo }
in OAR. Moreover, [44] provides a wealth of conjectures, backed by extensive numerics,
concerning the limits appearing in the “weak-scaling” procedure, and, thus, it would be
worthwhile to investigate whether our methods allow for a proof at least further progress,
potentially exploiting the connection with the formulation based on Temperley-Lieb alge-
bras for general ¢ # 0 (see Section 4.2.1). In particular, it would be interesting whether our
methods allow to lift the “weak-scaling” procedure to a “strong” version (in the sense of
operator topologies).

As mentioned above, there is an ongoing concerted and very successful effort in the Eu-
clidean setting using classical probabilistic methods and, specifically, the concept of discrete
holomorphicity (see [52, 20, 19]) and references therein. In [52] it is shown how to explic-
itly relate discrete holomorphic structures with the continuum Virasoro algebra, thereby
establishing a correspondence between correlation functions of lattice local fields and their
counterparts in the continuum. As this is analogous to various degrees to what is achieved
in the work presented here and the other Hamiltonian frameworks discussed above, it would
be interesting to explore potential connections. Concretely, such an analysis could start
from the ideas presented [30] and by exploiting the natural connection between Euclidean
and Hamiltonian formulation of critical systems via the transfer matrix formalism.

1.3 Outline of the article

In this paper we develop the theory of OAR and apply it to the discrete approximation of
conformal symmetries in continuum CFTs. This yields an explicit family of lattice systems
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and bounds which may be directly exploited to carry out the quantum simulation of CFT's
on quantum computers (see our companion paper [73]).

The structure of the paper is as follows: In Section 2, we provide a detailed overview
of known results on complex and self-dual fermion algebras required for the proofs of our
results. Moreover, we introduce the necessary setup for fermions on lattices required for our
scaling limit construction. In Section 3, we introduce the scaling maps required for OAR:
(1) the wavelet renormalization group, (2) the momentum-cutoff renormalization group. In
addition, we discuss the compatibility of the wavelet renormalization group with the quasi-
local structure of the fermion algebra in the scaling limit, give a basic decay estimate for
wavelet approximations, and prove the convergence of the scaling limit of the ground states
of the lattice Dirac Hamiltonian. In Section 4, we discuss Koo-Saleur approximants and their
formal scaling limit yielding the Virasoro generators, before we prove their convergence in
the scaling limit as alluded to in Theorem A. In Section 5, we explain the modifications
necessary to apply the convergence results to cover WZW currents. Finally, in Section 6,
we apply the convergence results for the KS approximants to deduce the convergence of
(dynamical) correlation functions of various kinds as exemplified by Theorems B & C.

2 Lattice fermions in 1+1-dimensions

2.1 The algebra of canonical anti-commutation relations

Let us recall some basic structures and results concerning the canonical anti-commutation
relations (CAR). For further details we refer to the general references [27, 9].

The complex CAR algebra 2Acar(h) of a complex Hilbert space b, the one-particle space,
is the universal unital C*-algebra generated by anti-linear map,

a:bh— Acar(h), (1)

referred to as annihilation operators and subject to,

{a(&),al ()} = (&), {a(€),a(n)} = 0= {a'(&).a"(n)}, &meb,  (2)

where af(n) = a(n)* denotes the adjoint creation operator. Each a(¢) is automatically
bounded: [|a(¢)|| = ||£]ly. We will also refer to the maps a,a’ as a complex fermion. We

dimb A, (C) which we come back to in

also recall that there is a *-isomorphism Acar(h) = ®;,]

Section 2.7.
The irreducible standard Fock representation of Acar(h) on the anti-symmetric Fock
space §a(h) = &2, A" b, with vacuum vector €, is given by:

a (M A Any=EAM A A, mA--- A, €A"D, (3)

where mA---An, = (n!)%S_ (m ®---®mny,) with the projection, S_ : h®™ — A", on the anti-
symmetric subspace. Subsequently, we call P<;, the projection onto the subspace ®;,_,A™b,
and P, = P<;, — P<;,—1. On Fa(h), we denote by (—1)f the parity operator, i.e. the unitary
operator implementing the grading of Acar(h) defined by: a_i(a(§)) = a(=§) = —a(§),
¢ € h. We remark that (—1)F ¢ Acar($H) unless dim b < oo.

To treat Majorana fermions, we need in addition to 2car the notion a self-dual CAR
algebra Aspc(h, C) for some (charge) conjugation C : h — h. The C*-algebra Aspc($H, C)
is generated by an anti-linear map,

v f) — QlSDc(f],C), (4)
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which we refer to as the Majorana fermion or operator, subject to,

{W(£), ¥(n)} = (& Cmy, U(§)" = v(C9), SYASE (5)

We note that complex and Majorana fermions can be related by a projection, P : h — b,
such that CP = (1 — P)C (called a basis projection):

Aspc(h, C) =2 Acar(Ph), a(§) = v(g), al(¢) = ¥(C¥), ¢e Py (6)

For the description of ground states of quadratic Hamiltonians, we need the notion of a
quasi-free states w on Acar(h) respectively Aspc(h, C) (gauge invariant in the first case). In
both cases, the state w is completely determined by its two-point function, i.e. w(a(€¢)a'(n))
respectively w(U(&)¥(n)*).

In the first case, the two-point function defines a positive operator, 0 < S < 1, such
that:

ws(a(€)al(n)) = (& (1 = S)n)y, §&neb, (7)
ws(a(ér) - al&)a’ (1) - - al (nm)) = nm det (&, (1= S)my)n)ij—1)-

Clearly, the vacuum vector €y corresponds to S = 0. Moreover, wg is a pure state if and
only if S is a projection.

In the second case, the two-point function also defines a positive operator, 0 < § < 1,
with the additional property C'S = (1 — S)C, such that:

ws(W(E)W(n)") = (&, (1 = S)n, §neb, (8)
ws(U(&1) - - ¥(&n)) = PE(((Gi; (1 = S)CE;)n)itj=1),

where pf denotes the Pfaffian, which we define to vanish for n odd. As before, the state wg
is pure if and only if S is a (basis) projection.

In both cases, the Gelfand-Naimark-Segal (GNS) representation of pure states, 52 = S,
can be realized on anti-symmetric Fock space by:

ms(a(€)) = a((1 - S)§) + al (JSE), £eh, (9)

for some conjugation J : h — h with JS = SJ, respectively,

m5(¥(€)) = a((1 - 8)¢) + a(CS¢), £eh. (10)

Clearly, the notation is consistent with my being the Fock representation (3). In the non-
pure situation, an analogous realization on the doubled Fock space, §,(h%?) = F.(h)®?, via
the Zo-twisted tensor product, Acar(h)®%? = Acar(h®?) respectively Aspc(h, C) S22
Aspc(h®2,C @ (—C)), is possible because,

B S S2(1—8)2
s = (5%(1—5) 1-9 ) ()

N[

is a (basis) projection [2, 67].
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2.1.1 Implementation of Bogoliubov transformations

Central to our analysis of the recovery of conformal symmetry via lattice approximations is
the question of implementability of Bogoliubov or quasi-free transformations of the complex
and Majorana fermion algebras, 2car(h) respectively Aspc(h, C), in quasi-free representa-
tions (9) & (10). To this end, we briefly recall some well-known formulas and results and
refer to [2, 67, 77, 31, 15, 27] for further details.

In its basic form a Bogoliubov transformation agp is densely defined morphism of the
CAR associated with an invertible, bounded operator, T' € B(h), on the one-particle space:

ar(a'(§) = ol (T¥), ar(a()) = a(T~"7¢). (12)
Similarly a bounded operator G € B(h) yields a densely defined derivation dg by:
da(a’(€)) = a’(GE), dc(a(§)) = —a(G™¢). (13)

In the Fock representation (3), Bogoliubov transformations and their derivations can be
implemented as (unbounded) operators on the dense subspace D(f)) = .15552(A™h of vectors
with finite particle number by multiplicative, Fjy, and additive, dFj, second quantization:

ar(a'(€)) = Adg,a)(a'(€), 36 (a'(€)) = adam, () (a'(€)), (14)
where
Eo(T)ym A Anp=Tn A--- ANTny, Fo(T)Qo = Qo, (15)
dFy(GYm A=+ Ay = Zn:m/\.--/\Gnm/\u‘/\nn, dFy(G)Q = 0.
m=1

Fy and dFy are related by Fy = exp dFj via the identification 7' = exp(G), and we have the
obvious bound:

|dFo(G) Penl| < nf|G. (16)
Moreover, we can expand Fy and dFp in terms of annihilation and creation operators because:
dFy(G) = al(G&)a(&) = alGa, (17)
ieT
for some orthonormal basis {&;}ie7 of h, which satisfies:

[dEy(G1), dFy(Ge)] = dFo([G1, Ga)). (18)

We note that the parity operator is given by Fy(—1) = (—1)F.

In the self-dual setting, Aspc(h, C), the same ideas apply with further constraints on
the admissible one-particle operators. Specifically, with respect to the conjugation C', we
require:

cT '*C =T, CG*C = —G. (19)

If we write G = ¢H instead, we will also have CH*C = —H. We denote the analogues of
Fy and dFy by Qg respectively dQq in this case:

dQo(G) =Y §U(G&) V(&) = TGV (20)

1€T
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Starting from the basic case, it is possible to extend the notion of Bogoliubov transfor-
mations and their derivations as well as multiplicative and additive second quantization to
larger classes of operators on h, based on the bound:

1dFy(G)at(m) - . at ()]l < D Imll - 1Gamll - - - 17l (21)
m=1

Important examples, that we will make use of, comprise contractions |T|| < 1 as well as
unbounded (essentially) self-adjoint operators (H, D(H)), such that G = iH, or even closed
unbounded operators in the case of the generators of the Virasoro algebra.

As pointed out above, we are particularly interested in the implementability of Bo-
goliubov transformations in the context of quasi-free representations mg. In this context,
a key formula is the additive normal-ordered second quantization relative to a pure-state
representation 7g, S? = S, in analogy with (17):

dFs(G) = ms(a(G&)al(&)) : (22)
i€
=> < (S+G&)a(S+&:)) — a' (JS-&)a(JS-GE;))
4 al(5,68)al (J5_6) + a(JS_GE)a(5:6)) )
=d'Giia—a'G _a+d'Gy d' +aG_.a,
with Gt = JG*J, and similarly,
dQs(G) =) : ms(3U(G&) V(&) : (23)
i€
= %(aTGJrJra —a'GT_a+a'Gy_a’ + aG_+a)
= CLTGJFJFCI + %((ITG+7GT + aG7+CL),

with GT = CG*C. Here, S_ =S, S, =1— S, and we use block-matrix notation,

G=S5,GSy +5,GS_ +5_GSy +5_GS_ — (g** g+—> , (24)
_+ _—
as well as the standard symbol : - : for normal ordering with respect to the Fock vacuum

Q% These formulas show that dFs(G) and dQgs(G) can be defined as operators on Fock
space if the off-diagonal parts G._ and G_4 are in the Hilbert-Schmidt class because:

6/ Gy —a! Pell < (n+2)[1G— 2, loG_aPerll < llG—i 2 (25)
Notably, the formulas (22) & (23) can be written as:

dFs(G) = ms(dFo(G)) — Try(G—-) = m5(dFo(G)) — ws(dFo(G)), (26)
dQs(G) = m5(dQo(G)) — 5 Trg(G—-) = m5(dQo(G)) — ws(dQo(G)),

when GG__ is in the trace class. It is a consequence of these formulas that the commutator
identity (18) acquires an additional central term, called the Schwinger cocycle [67]:

cs(G1, Ga) = Try([G1, Go]——) = Try((G1)—+(G2)4+— — (G2)—+(G1)+-), (27)

“i.e. creation operators to left and annihilation operators to the right with the appropriate signs due to
the CAR.
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such that

[dFs(G1),dFs(Ge)] = dFs([G1, Ga]) + es(G1, Ga), (28)
[dQs(G1),dQs(G2)] = dQs([G1,Ga)) + 2es(Gr, Ga).
It precisely the Schwinger cocycle cg that leads to the central charge in the commutation

relations of the Virasoro generators. For operators Gi1, G2 with off-diagonal parts in the
Hilbert-Schmidt class the Schwinger cocycle satisfies the obvious bound:

les(G1, G2)| < (G 1) —+ll2l(G2) 12 + [(G2) 12 (G1)+—[l2)- (29)

2.2 Lattice fermions at different scales

We describe spatial fermions® with s components at a (dyadic) resolution ey = 2~ Ney,
N € Ny, for some basic length scale £ in a d-dimensional hypercubic volume, T = (S})*? =
R?/2L74, of size vol T¢ = (2L)¢, L > 0, by the one-particle space,

bns = 2(AN): ®CF, Emy = (& nades, (30)
TEAN

associated with the lattice,
AN:é‘N{—LN,...,LN—l}dCT%, enLy = L. (31)

The subscript + refers to the unitary action of the translations Tj(EN) : AN ~ by + given by:

Tﬂ(tjl\;) &)y = (F1) [%]fy—wv €€ bng, (32)

where we allow for the occurrence of a non-trivial phase which we also refer to as boundary
condition®, because it encodes whether & € N,+ can be considered as periodic (+) or anti-
periodic (—) on Ay. These two types of boundary conditions are also referred to as Ramond
sector (+) and Neveu-Schwarz sector (—) [22, 27].

We denote the corresponding algebras of lattice fermions, complex and Majorana, by:

An + = Acar(bn,+), B+ =Aspe(by+, C), (33)

where C : by + — by + is the charge conjugation that we only specify explicitly in the next
subsection. We use the notation,

o = a(slY), v, = (), (34)

T

for the special set of generators of Ay + and By + associated with the standard basis of
b+

5(N):5§5N)®(07, ‘1, 7"'70) xEAN,j:L...,S. (35)

x 7j
jth component

50r time-zero fermions as opposed to spacetime fermions.

SWe restrict attention boundary conditions associated with phases +1, i.e. unitary representations of
the double cover of T¢, because we are interested in translation-invariant quadratic Hamiltonians in the
following, but more general phases given by other coverings of T¢ are conceivable.
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The lattice Fourier transform,

) = 3 e R (@) = (epy, v, E= (€D, 6 e AAn)L 0T, (36)

rEAN
provides a unitary identification hy + = EQ(FNi, (2Ly)~%) ® C* where
Tnyt=%{-Ln,...,0,... Ly —1}%,  Ty_=Z{-Ly+3,..,0,...,Ly —3}% (37
is the dual momentum-space lattice Ay, and

e =)@, 1 ,...,0), keln+,j=1,...,s, (38)

jth component

is the plane-wave basis of hy 4.
We extend the Fourier transform and its inverse to 2y + and By 4+ by linearity:

af = alen) = Y e Mo, af) =d(e—sj) = oty Y 0. (39)
TEAN kel' N
\i/]gj) = V(e ) Z eflkx\I/ \I/:(Ej) = \i/(e_x,j) = ﬁ Z Z]“““\I/(J),
xGAN kGFN
for x € Ay, k € 'y, 7 = 1,...,s. Here, we also introduced the dual plane-wave basis

{ex; | * € An,j = 1,...,s} by analogy with (38). Thus, the lattice Fourier transform
provides us with x-isomorphims,

Ay + ZAcar (P T+, 2Ly) ") @ C*), By +=Aspc(®(Tn s, (2Ly) ") @ C*,C), (40)

which can be expressed by: a(£) = a(€) respectively W(€) = W(¢) for £ € hy .
In view of the construction of the scaling limit in Section 3, we also allow for N = oo,
where we put:

Boo,+ = L2(T(]i;)i ®C° = 52(Foo,ia (2L)_d) ® C?, Peopt = %Zd’ P = %(Z + %)d, (41)

with the continuum Fourier transform,
£ = FrleV), = / [ dae” ")) = (er g, f)1ama), k€los,  (42)
TL

for periodic and anti-periodic functions in L2(T¢).. As above, we have:
§2loo,i = QlCAR(hoo,i), %oo,i = Q[SDC([)OO,iv C) (43)

2.3 The free lattice Dirac Hamiltonian in 1+1-dimensions

Since our principal interest lies with models that exhibit local conformal symmetries in the
scaling limit, we restrict from this point on to one spatial dimension (d = 1) and two-
component fermions (s = 1). Specifically, we undertake a detailed analysis of a discretized
version of the free Dirac Hamiltonian on the lattice Ay as various models of conformal field
theory can be realized in terms of free fermions in the continuum [22, 27, 96, 92]. In the
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staggered lattice approximation” [88] the massive Dirac-Hamiltonian as an element of AN+
is given by:

D 3 (€l e ()
TEAN

Here, Ay > 0 is a dimensionless “lattice mass” parameter, and “h.c.” denotes the hermitean
conjugate of the preceding terms. Invoking the lattice Fourier transform, the Hamiltonian
(44) can be written in 2 x 2-matrix notation as a second quantized operator:

~(1) —ike ~ (1)
(N) a. )\N e N -1 a -1 (N)
Hy ' = 2L Z (Ak ) (ei’%N -1 AN ) (dl(g2)> = ey dFo(hg ), (45)

kel'n + k

=nay (k)-o=h{" (k)

where ny (k) = (cos(enk) — 1)e; + sin(enk)ey + Aye. € R3, and o is the vector of Pauli

matrices:
0 1 0 —2 1 0
Op = (1 O>’ oy = (Z 0), 0, = <0 _1>. (46)

The spectral decomposition of the one-particle Hamiltonian héN)(k),
N —
REY (k) = way (6) (P () = P (8)), (47)

is given in terms of the spectral projections®,

+ N
P (k) = s (an () 1y +h{™" (k) (48)
with the lattice dispersion relation:
1
way (k) = (A + 4sin(ienk)?)?. (49)

At k=0, we have h(()N)(O) = Ano, and we diagonalize h(()N)(k) for all kK € 'y 4 by:

o[ @B FANE dsign(k)(way (k) — Aw)FeT BNk
PY/\N(kI) - (QWAN (k)> Zme%tﬁvk Slgn(k)%szvk)1 (50)
(W (B)+AN)2 (way (k)=AN)Z

cosh(d;) "2 ( cosh(30%) Z'Sinh(éﬁk)eéﬁvk)
= k ’

isinh (39 )ez genk cosh(19y)

ie. fyAN(k)*h(()N)(k)’y)\N(k) = wy, (k)o,. In the second line, we introduced lattice rapidities,
2sin(enk) = Ay sinh(Yy), to exemplify the unitarity of vy, (k) for Ay # 0. Thus, the
Bogoliubov transformation,

@M, e =y (k)* @, ety (51)

"We use the forward and backward difference to approximate the derivative of the two components
respectively. This avoids the notorious fermion doubling in lattice approximations of continuum fermion
models.

8 Apart from k = 0 and Ay = 0 where hém(O) = 0 which is consistent with Po(i)(O) =11,
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(),

diagonalizes the Hamiltonian H
ADTA1) 2142
= Z w)\N(k)(cé)Tcé) —cé”c;)). (52)
kel N +
The many-body ground state of HéN), i.e. the lattice vacuum Q(()AQ at scale N, corresponds
to the half-filled Fock vacuum (Fermi sea):

oM — g D1l — o, Vk eTn-. (53)

The unitary that implements the Bogoliubov transform (51) and relates the lattice vacuum
Qéj\g to the Fock vacuum of Ay + is given by:

On= TTew(s e hmada@ ) =ep (s Y na®a+maDa) (54
kel N + keln +

where

L 1 cosh(lﬂk) vy, 1 o i k
(Vgpir)2 = cosh (m), (;Tk)Q = —je 2°N (55)

It is evident from the expression for Uy, that the lattice vacuum is of even parity: (—1) Q[()AQ =

Q(()AQ Alternatively, we can invoke another Bogoliubov transformation, commonly used in
quantum field theory,

al) = e, &2 = &1, Vk € Ty, (56)

to obtain a description of the Fermi sea as a standard Fock vacuum:

ala™) = o, &) <o, Vk €Ty +. (57)
The Bogoliubov transformation (56) exemplifies the need for an additive energy renormal-
ization of the Hamiltonian HéN) in the scaling limit N — oc:
N 1), =212
H( )= = 31 Z wiy (k ( '+ Cl(c )Tcl(c )) - ENl Z wiy (k). (58)
kEFN + kGFN,:\:
()

The lattice vacuum Qo,i determines a quasi-free state on the fermion algebra Ay +:

wor (a(€)at () = (42 a(€)al (ML) = 74 Y (€ P ) ce = (€.(1= S5 ), (59)

kel N, +
where the one-particle operator is specified in momentum-space by .S, (N )(k) P)(\;)(k)

From this expression it is easy to obtain the massless lattice vacuum in the limit Ay —
0+, although the Ramond sector acquires a degeneracy in the zero mode (k = 0) because

rM(0) = 0:

P (k) = L (12 + sign(k)(— sin(benk)o, + cos(benk)oy)) (60)

1 I —isign(k)eféksf\’
2 \isign(k)ezken 1 ’
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with the convention sign(0) = 0. This way, P(+):0(0) = 11, reflects a uniform probability

(N ) at k = 0 compatible with the chiral decomposition

(++)

distribution of the quasi-free state wg

of hn + (see Section 2.4). But, the state is not pure because Py o isnot a projection?.

2.4 Chiral decomposition

The chiral parts of the lattice fermion algebras result from applying the chiral projectors
Py = %(]lg + /)9 to the one-particle space by +:

bve = C(An): ©C? = (Ax): ®psC2 @ P(An): @ p-C2 = b, &b L. (61)

Using the eigenvectors e1 = 27%(61 =+ ieg) of py, we can introduce the complex chiral
fermions, Ql%)i = QLCAR(()S\;_L;), by

¥2(€) = a(€ex) = 272 (aV(€) Fia® (€)) = (ex, (aV(©),a? (©))"). (62)
At this point, we also fix the charge conjugation C' (for all N < c0) as:
Cé =0, £ €bna, (63)
which acts as complex conjugation with respect to the chiral decomposition:
C¢=Ereq +E& e, (64)

for & = (ex, &) and, thus, a(C¢) = 1 (&4) + ¥—(£_). This should be contrasted with the
standard conjugation, £ — £, on hy that satisfies a(€) = ¥4 (£2) + (1),

In contrast with infinite-volume continuum theory, the massless ground-state projector
P(+) o does not factorize w.r.t. the chiral parts, in other words the massless lattice vacuum
is entangled relative to the chiral parts:

piP,S\:)zo(k)pi = 5(1 = sign(k) cos(3enk))p=, (65)
pj:P)(\;):()(k)p:F = +1sign(k)sin(genk) 3(0. £ ioy).
h,_/
=n4

In terms of these, the Hamiltonian (45) takes the form:

> ¢+|k sin(enk) —i(cos(enk) = 1) + An\ [ $ypn (66)

2LkeI‘ v k) \i(cos(enk) — 1) + An —sin(enk) Vo)’
N

which, in the massless case (A\y = 0), is compatible (19) with the charge conjugation C'

which allows for the identification of the self-dual components, i.e. the Majorana fermions
%g\ﬂ: = QlSDc(h%i, C), of the complex massless chiral fields (see Section 2.6).

(N)

Because of the entanglement of the massless lattice vacuum wy |* relative to the chi-
ral decomposition, its restriction to chiral components defines non-pure quasi-free states

(piP/g;)zo(k)pi is positive but not a projection):

word (W(©ulm) = ot D 31+ sign(k) cos(§enk))E(R)C(R), (67)

kEFNyi

for &, € by = A(Tnx, (2Ly)7Y).

9 Another possibility is to enforce purity by putting sign(0) = 1 to have P;;)zo (0) = (12 + o) which is
also compatible with the chiral decomposition.
%Tn our parametrization of the Dirac Hamiltonian 75 = .
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2.5 The Majorana mass term

As stated above, the Hamiltonian (44) is a discretized version of the massive Dirac Hamil-
tonian using the algebra 2Ay 4+, which is only compatible with the Majorana fermions By +
for vanishing lattice mass Ay = 0. To allow for a massive Hamiltonian in terms of the
Majorana fermions By 4, the mass term (proportional to Ay ) needs to be compatible with
self-duality (19). This is achieved by replacing the Dirac mass term in (44) with:

HN, = ey Do (el + o) = extan 37 (=) (vl 6 — 6! o) (68)

:UEAN .TEAN
1 <¢+|k> ( 0 —i)\N) (1/3+|k)
= 5= - 7
keTms Vo) AN 0 J\ Y
which results in the modified spectral projections,
+
P (k) = s @ax (R) L2 £y (R) - ), (69)

with ny, (k) = (cos(enk) — 1)e, +sin(enk)e, + Ane,, and the modified dispersion relation,

N

wiy (k) = (A +4(1 — Ay) sin(3enk)?)? . (70)

The modified spectral projections satisfy CP)(\JJFV) = P/s;)C, consistent with (8), and, thus,

(59) defines a quasi-free state, also denoted wéﬁg by a slight abuse of notation, on By +.

2.6 The self-dual components of the lattice Majorana Hamiltonian

The Hamiltonian with the Majorana mass term,

=y Z ( I+ZN @ —aM1a® L he + Ay (af”a;l) + a;(tl)Tag(f))) (71)
QC’EAN
3 Dk ( sin(enk) —i((cos(enk) — 1) + )\N)> U
2Lk€FNi W Ik ((cos(enk) — 1) + An) —sin(enk) V_|k
=hgy (k)
— etaFy (B,

is compatible with the charge conjugation (63). Moreover, the projections on positive and
negative momenta (with an appropriate modification in the Ramond sector),

o [ 0ERE kA0 -
(P f)k - {%(exiﬂ.é’g)eiiﬂ b — 0’ _i ) § € hNi’ (72)
are basis projections for C' (see (5) and below):
(CP*E)(k) = (1= P*)CE) (k). (73)

) s

Therefore, it is possible to formulate H(g

%S\;_L’l and Uy : hg\j,fi — ‘B%)i:

in terms of four Majorana fermions, ¥, : hN i

Uy (€) = u(PTE) + 9l (CP7e), Uy (6) = e (P7E) +yh(CPTe),  (T4)
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for £ € hg\j,t)i, which correspond to the restrictions of the complex chiral fermions ¥4 to

positive and negative momenta. Then H(()N) is given by self-dual second quantization:

HM = e (dQo () + dQo(h)), [dQo(hY), dQo (Wi =0, (75)

In view of the diagonalization (52) of HéN), it is worth noting that the Majorana fermions
(74) can be interpreted as the self-dual components of ¢!, ¢(?) in the (formal) scaling limit
N — oo of the massless case Ay = 0:

. 0(+k)el) + 0(—Fk)
\I]a|lc:

. (76)
0(+k)e +0(-k)e?) o

)

C(EIZ‘T o=+ & {0(—1?)622) + 0(+k)é AN
) olk =

for k € I'so+. Furthermore, it is evident from (75) that HSN) should decouple into four
massless Majorana fermions in this limit.

2.7 Equivalence with the transverse XY model

In view of our companion article [73] that discusses our results in relation to the quantum
simulation of CFTs, we provide some details on how to map the fermion algebra Ay + to-
gether with the Dirac Hamiltonian HéN) to a Pauli algebra, Pyi1,+ = ®zEAN+1MQ(C), in
which each local matrix factor resembles a (logical) qubit, using a Jordan-Wigner isomor-
phism. Under this mapping the Dirac Hamiltonian becomes that of an XY model with a
transverse field.

To begin with, we identify the algebra 2y 4+ of two-component fermion with a one-

component fermion algebra, Aspc(F2(An+1)+), on the doubled lattice Ay y1:

by = alV), boteny, = al2t, z € An, (77)
which exploits the symmetry of HéN) given by: (ag(cl), ag)) — (ag;Q)T, aQILN) for all z € Ay.
In terms of b, b', the Hamiltonian (44) is mapped to:

N _
H(() ) = €Nl Z (bwbcc+ezv+1 - b.Trbir+6N+1 + AN(bI:bJI - %12))’ (78)

IGAN+1

with periodic or anti-periodic boundary conditions in accordance with (a"),a(®). The
translation invariance of HéN) on Ay subsumes the translation invariance on Ay and
special field-exchange symmetry from above. In the momentum space representation, the
relation (77) between the single-component fermion a and two-component fermion (a(!), a(?))
is given by:

d;(cl) = Ly, + b= ), oY) = Tevakpt —pf L), (79)

EN+1 _k+€N+1

where the two-component fermion can be considered to be periodically extended from I'y +
toI’ N+1,+-

A follow-up Jordan- Wigner isomorphism,

bLE = ( H O—Z(/l))%(o-:(cg) + 7:0.:(02))’ T € AN+17 (80)
YEAN 11
—L<y<z
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yields a soluble transverse XY model (cp. [66]):

N _
H((] )= %ENl Z (09(03)‘79(5%25N+1 - Ui(f2)a-§)2'26N+1 + /\Naﬂ(ﬁl)) (81)
.OCGAN+1
T B G D L TG e Y SN

where (+) indicates the fermion boundary conditions while (+) labels the complementing
spin boundary conditions, such that boundary term in the second line vanishes on the lattice

(N)

vacuum QQi .

We can rephrase the diagonalization of HéN) as given in (52) in terms of the Fourier

transform of the one-component fermion b, b:

N .
(N) _ 1 br AN —i2sin(eny1k)\ [ Ok
Hy'' = 47 Z (EJf_k> (i2sin(€N+1k) AN Z’T—k : (82)

k€lN4+1,—,>0

The diagonalizing Bogoliubov transformation is completely analogous to (50) for k£ > 0:

[NIES

1 (g (B) +An)Z isign(k)(way (k) — Av)

_ 1 2 N N
’7)\1\7(]{) — <2w)\N(k)) ’I, 2811‘1(81\]_;'_116)l Slgn(k) 2511‘1((‘;1\74_1]{?)l 5 (83)
(wry (B)+AN)2 (way (k)—=An)2

which defines the diagonalizing fermion, (¢, & =" (k)T (by, b )% leading to:

BN = 5 ST e Bea - tenthy Y wa (k). (84)

k€l N+1,+ kel N 1,4+

If we normalize the fermion, ¢; = (2L N+1)_%ék, and subject it to another inverse Jordan-
Wigner transform similar to (80), we can write

HM = Lt 3 way (k)5 (85)

k€l N 11,+

Therefore, it is possible to express the lattice vacuum as a qubit product state: Qéj\g =
®kely4y .| ), which allows for the initialization of a quantum simulation of (81) in its

many-body ground state following [91].

3 Scaling limits of lattice fermions

We now explain how to implement the scaling limit, N — oo, rigorously by operator-
algebraic renormalization [86, 10] which in turn allows us to give precise statements about
the convergence of lattice quantities, e.g. correlation functions with respect to the lattice
vacuum w(()fi) or finite-scale Bogoliubov transformations and their implementers.

Following the recipe in [70], we define the scaling limit of lattice fermions, complex and
Majorana, by a renormalization group procedure in terms of an inductive system of unital,

injective x-morphisms,
N . N+1 _ N _ N
QN1 -Q[N,:t _>91N+1,:t7 Q1o O QN1 = Oy, N € Ny, (86)

and similarly for By +. In the following we state the formulas for 2y + only, but they
equally apply to By +.
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In present setting, we define the renormalization group {a% 11} Nen, as Bogoliubov trans-
formations associated with an inductive system of isometries between one-particle spaces,

RN, 1 byt — by e, RNT o RN, = Riys N € Ny, (87)

with the additional requirement, R% 1C= CR% 41, in the self-dual case.
Because of the general properties of CAR algebras [9, 27], we obtain the inductive-limit
objects:

Uso,+ = ACAR (Doo,) = LM Ay, Boo,+ = lim b+ (88)
N N

At the level of states, w¥) ¢ Ql}k\,’i, the renormalization group flow is defined by:
Wil = WM o o N N, M € N. (89)
A scaling limit of a family of lattice states {w)} NeN, is defined as:

= lim wy,’, N € N, (90)

which is automatically projectively consistent, woj\g“ oa% 1= wévo, by continuity [70, 10] if it
exists as a weak*-limit and, thus, defines a state wégo ) on Ao +. In this sense, the inductive-
limit objects (88) serve as carrier spaces of the scaling limit of a family {w®™)} yen, .

The observation that the inductive-limit objects (88) can be characterized as the sets of

a- respectively R-convergent sequences [23],

lim limsup [|Ox — a} (Oar)]| = 0, lim limsup |[{y — RY (§ar)[lv =0, (91)
M—=oo Nooo M—=00 N0

for On € ™A+ respectively {n € b+, motivates the following definition of the scaling limit
of sequences of composite operators with limits possibly not in Qloo7i11.

Definition 3.1 (Convergent sequences of operators). Let {pn}nen, be a sequence of semi-
norms, py : ™An+ — R>o. A sequence of operators {On}nen, with On € An + is called
a-convergent with respect to the family {pn}nen, if:

lim limsup pn(On — o (0y)) = 0.
M—oo Noo

Similarly, let {qn}nen, be a sequence of semi-norms, qn : B(bn+) — Rxq, we call a
sequence of operators {on } nen,, with on € B(hn,+), R-convergent with respect to the family

{an}Nen, if:

lim limsup gy (ony — RN oy RN *) = 0.
M—00 Noo

Of course, R-convergence for one-particle operators is related to a-convergence by the
observation:

o (dFy(on)) = dFy(RY;on RY ). (92)

"Tn [23] the concept of convergent sequences is discussed for generalized inductive systems of Banach
spaces in the context of mean-field limits.
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In Section 4, we invoke families of semi-norms that are induced by semi-norms p, and g
on B(Fa(hoo,+)) respectively B(hoo +):

PN = Do 0 0%, N = Goo © (RIE(-)REY). (93)
Specific examples are strong operator semi-norms (for M € Ny),

Poo(0) = |0at (R (&1))...al (RY (€,))9], & €bma,j=1,n,  (94)
doo(0) = HORoﬂg(f)Hom § € b+,

for operators O on Fa(hoo,+) Or operators o on the one-particle space hy +. This way,
we can study the convergence of sequences of operators at finite scales such as the lattice
() )

Dirac Hamiltonian Hj ’ and its one-particle version h((]N
unbounded operators in the scaling limit.

, which should have limits that are

3.1 Wavelet renormalization group

In the following, we make use of a specific realization of the renormalization group using
the theory of wavelets by adapting the constructions in [70] to the fermionic setting.

To this end, we consider a compactly supported orthonormal scaling function, s € L*(R),
|s]|z1 = 1, associated with a wavelet basis of L?(R) that satisfies the scaling equation [21, 68]:

s(z) = Z th%s(Qx —n), z €R, (95)
nez

where the coefficients {hy, }nez are called a low-pass filter'?. Since our finite-scale fermion
algebras, Ay + and By 4+, describe quantum systems in the finite volume Si, we denote by,

V@) = 3 e (£1)™s(ex (@ + 2Lm)), (96)
meZ

the rescaled and 2L-(anti)periodized scaling function, which yield a wavelet basis of L?(S})
and satisfy in analogy with (95):

SEEN)(x) = Z hn S£§N+1)(‘IE - €N+1n)7 S Si (97)
nez

In the following, we will drop the label “+” on s(~) unless it will be necessary to avoid
potential confusion. In momentum space, the (anti)periodization of s is implicitly achieved
the restriction of 5 to the appropriate lattice I'y .

The wavelet renormalization group is now defined as follows:

Definition 3.2 (Wavelet renormalization group). Given a compactly supported orthonormal
scaling function s € L*(R) with low-pass filter {h, }nez, let,

RN () =3¢ S noVY L (98)

-1
zEAN ”€5N+1AN+1

12The compact support of s enforces a that the low-pass filter has only finitely many non-vanishing ele-
ments.
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and

RN (£W)y = Z €0 s — ) = sy €U, (99)
ZEAN .:S(EN)

for & = (5(1),5(2)) € by .+, where we use the notation x5, to denote the convolution with
respect to the lattice An. The wavelet renormalization group is densely defnined by:

o 41(a(€)) = a(Ry 41 (€)), alo(al§)) = a(RL(€)), §E€bn+. (100)

We summarize some important properties of the maps R% 41 that follow immediately
from the properties of a (compactly supported) scaling function and its associated wavelet
basis, cf. [68, 21, 70]:

Proposition 3.3. The one-particle map of the wavelet renormalization group has the fol-
lowing properties: R%H N+ — by i

1. well-defined,

2. C-compatible,

3. isometric, 1.e. R%H* o R%H =1y,

4. asymptotically compatible, i.e. RN 1o R%—H = RY.
Moreover, we have hoo + = L*(St)L ®@ C2, and RY* o RY = 1y,

For our purposes it is convenient to explicitly derive the form of the wavelet renormal-

ization groups in the momentum-space representation via the Fourier transform, cf. (36) &
(42):

R%—f—l(é)k = 2%m0(5N+1k)(éper)ka Révo(é)k: = 51%\/'§(5Nk)(éper)k- (101)

where mo(eny1k) = 273 Y nez hpe~keN+1m (considered as periodic on I'ng1+), and fper
denotes the periodic extension of f from I'y 4+ to I'v41,+ respectively I'o +. The asymptotic
compatibility and various convergence results, as we show in Section 4, turn out to be a
consequence of (applying the Fourier transform to (95)):

M

§(€N ) = m0(€N+1 . )§(6N+1 ) = lim H m0(€N+n . ), (102)
M—o0 il

where the infinite product converges absolutely and uniformly on compact sets [21]. But, the

convergence also holds in arbitrary Sobolev-type subspaces of LQ(Si) provided the scaling

function is regular enough, s € C*(R), a > 0, e.g. those of the Daubechies family, see

Lemma 3.9 below.

As we are not only interested in the scaling limit of the fermions, ™Ay + and By 4,
but also that of implementers of Bogoliubov transformations and their generators, such as
dFs(G) and dQs(Q) given in (22) & (23), we introduce a modified version of the maps
RN 41 adapted to the fact that the generators are quadratic in the fermions (i.e. currents).
To this end, consider the spaces,

(An,CP)={X : Ay - CP}=((Ty,,CP), (103)

of CP-valued differential loops (periodic boundary conditions) together with the obvious
extension of the (lattice) Fourier transform.

26



Definition 3.4 (Wavelet renormalization for differential loops). Given a compactly sup-
ported orthonormal scaling function s € L?>(R) as in Definition 3.2. The wavelet renormal-
ization group for CP-valued loops is defined by:

SN 11 (X D), = 2mg(en41k) (X0, SN(XD)), = ens(enk)(XEMr, (104)
for X € [(An,CP).

In view of Proposition 3.3, we note that the wavelet renormalization group for currents
also satisfies asymptotic compatibility:

S o 5N,y = SY, (105)

but we refrain from formulating an associated (topological) inductive limit and simply note
that im SY C 1%(S}, CP) is a finite-dimensional subspace of differential CP-valued C®-loops
associated with the span of s&¥) and its Ay-translates.

Remark 3.5 (Re-centring: an alternative comparison, carried along). The Daubechies scal-

ing functions are markedly asymmetric — supp( xs) = [0,2K — 1] — and their first moment
— _ 1 a(e) — . 2
u(s) = [ asta)de =5 S nh, 5(6) = 1 — ip(s)€ + O(€?), (106)
nez

is correspondingly far from zero: u( 48) ~ 5.995 and p( 108) ~ 16.869. Since RY sends the
degree of freedom at the lattice site x € Ay to S(‘EN)( . — ), whose centre of mass sits at
x + enp(s) rather than at x, the wavelet renormalization group carries a built-in offset of
size enpu(s) between the lattice and the continuum.

This offset is invisible in every convergence statement below — it tends to 0 — but it
is the leading source of error in every rate obtained along the wavelet route, see (266) and
Remarks 4.8 and 4.32. One may remove it by comparing the renormalized lattice quantities
not with the continuum objects themselves but with their translates by ay = enu(s). Writing
(T.6)(y) :=&(y — a), so that Tyen, = e~ ™%, one has

Tolyp T =R py g T,C = CT,, T*T, =1, (107)

so that on the k-th mode the re-centring amounts to the single phase e¥HENk 1. [t costs
nothing and gains one order in ey throughout.

We deliberately do not absorb this into Definition 3.2, for two reasons. First, the re-
centred maps T_QNRJOVc> are no longer asymptotically compatible in the sense of Proposition
3.3(4): T_CLNHR(])VOJrl OR%Jr1 = T—aNHRéVo #* T_aNRéVO because any1 = %aN, so they do not
define an inductive system and the whole scaling-limit construction of Section 3 would have
to be redone. Second, one cannot instead re-centre the scaling function: s(. + u(s)) is again
orthonormal, but it satisfies a scaling equation with the non-integer shifts n — u(s) and is
therefore not the scaling function of a dyadic multiresolution analysis. Re-centring is thus
a comparison convention, not a redefinition, and we carry it along as an option, invoking it
only where rates are stated.

Finally, note that the momentum-cutoff renormalization group of Definition 3.16 needs
no such convention: no scaling function enters its symbol, the multiplier xr, contributing
no first moment, and correspondingly the error (235) is O(g%;) from the outset. This is
one further, and quite concrete, advantage of that group over the wavelet one, alongside the

invariance of Dgq under the Hardy projections noted in Remark 4.22.

1
Clearly, the difference between RY and S% is the geometrical scaling factor €3 re-

spectively en which reflects the fact that fermions are half densities while generators are
densities.
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3.1.1 Quasi-local structure

By analogy with case of lattice scalar fields, the wavelet renormalization group is compatible
with the real-space anti-local structure of the fermions on the lattice and in the continuum.
The simple reason for this compatibility is the finite length of the low-pass filter {h,}nez,
which entails that according to (98) and (100) the fermion and Majorana algebras of a
single lattice site at a given scale, An +(z) and By +(z), £ € Ay, generated by az,al
respectively W, are mapped into localized algebras at the successive scale, Ay + (1) and
Bni1,+ (1), generated by ay,aL respectively ¥, for y € I, N An41, where I, C S}J is an
interval determined by the length of the low-pass filter.

This observation allows for the following definition.

Definition 3.6. Let I C Si be an open interval, and denote by An N I, understood as
an intersection of subsets of Si, the subset of those x such that x + Supp(s(EN)) does not
intersect the boundary OI. Then, we define the local one-particle Hilbert spaces as:

bnva(I)=C(AvNI): ®C*Chyn o,

where the inclusion results from extension by zero. The twisted-local fermion and Majorana
algebras are, thus, defined as:

AN +(I) = Acar(hn (1)), By +(I) =DBear(by (1), 0),
which are considered to be subalgebras of An + and By +.
As an immediate consequence of this definition we have the following properties:

Proposition 3.7. The local one-particle Hilbert spaces and twisted-local fermion and Ma-
jorana algebras form inductive systems with respect to the wavelet renormalization group.
Specifically, we have:

boo, (1) =lm by (1),  Uoox(I) =ImAn+(I),  Boox(I) = lim By +(1).
N N N

Moreover, we recover the (twisted) quasi-local structure of Ao+ and Bog +:

Qlw7i(f) C Qlood:(]/), %oo,:t(I) C %oo’i(fl), IC I’,
oo+ (1), Uoo (1) = {0}, [Boo+(1), Boo,+(I')] = {0}, nr =g,
Qlc>o,:i: = U Qloo,:l:(l)y %oo,:t = U %OO,:I:(I)u
IcSt IcSt
where [, | in the second line is the Za-graded or twisted commutator with respect to the

grading given by the parity operator (—1)F [8].

Remark 3.8 (Localisation radius, and the trade-off against regularity). The compact sup-
port makes the statement of Proposition 3.7 strictly quantitative. Since supp(xs) = [0,2K —
1] we have supp(s*N¥)(-—x)) = z + en[0,2K — 1], so:

(i) RY maps the degree of freedom at a single site x € Ay into Yoo +(I;) with I, =
(x,x+en(2K—1)), an interval of length

N—o0

I =en(2K —1) — 0, (108)
lying entirely to the right of x;
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(ii) consequently oY (An +(J)) C Ao +(JT) for every J C St, where JT is J fattened by
en(2K — 1) on the right only: the renormalization group has a strict, one-sided light
cone of width (108), with no tail whatsoever — in contrast to the momentum-cutoff
group, whose kernel Xt decays only like |z|™" (see below (180));

(iii) Definition 3.6 discards exactly the last 2K — 1 sites of I, so that en#(Ay N 1) >
|I|—en(2K —1) and the fraction of retained degrees of freedom is 1—O(en(2K—-1)/|1]).
This is what makes the last line of Proposition 3.7 work; it becomes vacuous for a fixed
I only below the scale N =~ log,((2K — 1)/|I).

Comparing (108) with the centre-of-mass offset enpu(s) of Remark 3.5 shows that the two
are of the same order: numerically p( xs)/(2K — 1) increases from 0.789 at K = 2 to
0.891 at K = 12, so the mass of the scaling function sits in the right-hand tenth or so of its
support. Raising K to buy reqularity therefore widens the light cone and the re-centring shift
proportionally: locality and regularity trade off linearly in K, and the thresholds of Remark
3.13 are simultaneously statements about how non-local the renormalization group is allowed
to be.

3.1.2 A decay estimate

We provide decay estimate on the finite products , Hﬁ/lzl mo(ennk), that directly implies
(102) in Sobolev-type norms for compactly supported Daubechies scaling functions by dom-
inated convergence. The proof adapts a multi-scale decomposition strategy in [21] used to
obtain regularity estimates for such scaling functions to finite products. A similar albeit
less general statement can be found in a recent article by one of the authors [70].

Lemma 3.9. Let ¢ = g ¢ be a compactly supported Daubechies scaling function with K > 2,
i.e.:

kmo(l) = <1+%7“)KK/3(1)- (109)

where gL is a certain trigonometric polynomial. Then, for j € N, and 7'M & N:

M
X[—2M 7 2M 1) (l> HKm()(Q_nl)

n=1

in(1] K )
Xz () S, (110)

where Kj = j7 logy(q;), ¢j = supjep [T_y k £(27™), and | L(1)| < 1+ Ci).

Proof. Clearly, x£(0) = 1 and, thus, [ £(I)| < 1+ C|i|. Put, x£;(1) =TTt x£(27™)
such that an_:lg/lfl K L;(27miFD]) = Hﬂil xkL£(27™) and q; = sup;cp |k L;(1)]. Now:

1. Assume |I| < 1:

jTIM—1
H ’Kﬁj(zfijrll)’ < 60(172*’")\” < eC_

m=0
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2. Assume 2/M' 1) < |1] < 27M" for some M’ < j~1M:

JTIM—-1 M'—1 GIM -1
I Ixcietmithn) = H kL2 T kg2t
m=0 n=M’'
M'—1 JTIM-M'-1
H | Lj(2- )| H0 | Lj(27 (D) 279 )
n= |-1<1

< ecqu = CMKs < (1 + |1

3. Assume 2M < |]| < 2Mq:

jIM—-1

m=0

where we used |I] > 2M in the second and C' > 0 in the third step. Thus, we have

T2, kL2 ™)| = IM Mg L2 it < €1 + [I)K for |I] < 2]\{7?.1 In combi-
nation with the formula Hﬁil ‘1%12[ = 12, cos(327™)| = 2M+1z:;?2(§(ll)\/l+l)l) the

result follows.

For later use we record the form in which (110) will be applied. Since |sin(30)|/I] <
min{2, {71} < 2(1 + |I|)~}, and since mq is 27-periodic, Lemma 3.9 yields:

Corollary 3.10. Let s = fs be as in Lemma 3.9 and put Py(l) := [[]_, |xmo(271)|,
J € Ng. Then Py <1, Py is 2/t n-periodic, and there is C > 0, independent of J, with:

Py(l) < Cr (1 + 1)) K+, | < 277 (111)
Moreover, |3(2771)| Py(1) = |3(1)| for alll € R by (102).

We stress that the restriction |I| < 277 in (111) is essential: outside this fundamental domain
Pj merely repeats periodically and does not decay at all. For this reason the dominated-
convergence arguments in Section 4.2.4 are run over the Brillouin zone I'y 4+ and not over
all of I'og +. It is known that Ko < (K — 1)(2 — 2 logy(3) [21] implying:

K 4Ky < —(14 (K —1) (3logy(3) — 1)) "=5° —o0. (112)
—_ ————
~0.1887

Thus, the decay in (110) can be made arbitrarily fast in a polynomial sense by increasing
K, and we note that K;, < K;, + C’% for j1 < j2

For convenience, we state the following regularity estimate for the scaling function from
[21, Lemma 7.1.2]:

Lemma 3.11. Let ¢ = g¢ be a compactly supported Daubechies scaling function with
K > 2, then it satisfies the following decay estimate:

3] < C'(1 4 1))~ FHE (113)

for K =infjcn K. which implies s € C*(R) if K < K — (1 + «).
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Throughout the article the phrase “sufficiently regular scaling function” refers to the
following quantitative hypothesis, which we make explicit once and for all because the
various convergence statements below require different amounts of regularity.

Definition 3.12 (Regularity index). For a compactly supported orthonormal Daubechies
scaling function s = ks we write

o =sup(o 20 s€ HO®) =suwp {r 20 [+ PPlPd <o) (1)

for its Sobolev exponent. We say that s is p-regular if ox > p. By Lemma 3.11 one always
has o > K — KK — %, but ok is the sharper quantity and it is the one that controls all the
2-sums appearing below.

Remark 3.13 (Which K is needed). The Sobolev exponents of the Daubechies family are
classical (see [21, Sec. 7.1]) and grow asymptotically like ~ 0.2 K ; numerically,

K | 2 3 4 5 6 7 8 9 10 11
ok | 1.000 1.415 1.776 2.098 2.390 2.661 2917 3.165 3.406 3.641

The thresholds that occur in Section 4 are the following. (i) 1-regularity, i.e. s € h', is
needed for Dy to be contained in the domain of £ i, hence for Lemma 4.7 to have content;
note that 95 is exactly borderline (oo = 1), so that K > 3 is the honest minimum. (ii)
%-regularity, i.e. K >4, is needed in Lemma 4.23. (iii) (1 + 0)-regularity is needed for the
error estimate (264), both for the finiteness of the Sobolev norm ||5(enr . )||p1+s occurring
in (265) and for the supremum defining Error®(8, L, k, N) to decay at the rate 272N : the
value § = 1 requires o > 2, i.e. K > 5, and the value 6 = 2 requires o > 3, i.e. K > 9.
We have refrained from optimising these thresholds. Two further thresholds are added by
Section 4.2.4: p > % with K3 > % in Theorem 4.29, i.e. K > 9, and K > % for its rate,
i.e. K > 10.

It is worth separating the two decay exponents that are in play, because they are not
interchangeable and each has its own natural réle. The pointwise exponent is the largest p
with [8(1)| < C(1 + |l|)~", which controls |§| at a single momentum and which Lemma 3.11
bounds below by K — K via (113); the L? exponent is o of (114), controlling weighted sums
S (02915(1)|2. Numerically they are close, with p slightly the larger:

K | 2 3 4 5 6 7 8 9 10 11

oK 1.000 1.415 1.776 2.098 2.390 2.661 2.917 3.165 3.406 3.641
p (measured) | 1.336  1.634 1.910 2.174 2.431 2.681 2927 3.170 3.409 3.646

so the implication o > p — % of Definition 3.12 gives away half a derivative that is not
actually lost — a discrepancy which matters only at small K. As a rule: p is the right tool
wherever a single value of § must be bounded, as in the uniform majorant of Lemma 3.14,
in the Brillouin-zone/tail split of (111), and in the aliasing estimate (255); ok 1is the right
tool wherever a sum against a Sobolev weight must converge, as in every statement of the
form “s is p-regular” listed above. Where a result needs both — Lemma 4.28 is the clearest
case — the two enter through different factors and cannot be traded for one another.

The following lemma is the technical heart of the convergence proof in Section 4.2.4. It
provides a majorant for the products 5(2771 — h)Pj(l) that is uniform in J — something
that neither factor supplies on its own: (27/-) decays only on the scale 27, and P; decays
only inside its fundamental domain. The point is that the two decays interlock, because
Pj can be of order one outside [—2J7r,2‘]7r) only near the multiples of 2/T17, and there
5(2771 — h) sits close to a zero of order K of 3.
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Lemma 3.14 (Uniform majorant). Let s = ks be a compactly supported orthonormal
Daubechies scaling function, let j € N and put p := K — K; > 0. There is a constant
C =C(K,j) such that

152771 = h)| Py(1) < C(1+ 277 %) (1 + [1]) 7, (115)
for all J € Ny, alll € R and all h € R with |h| < 7.
Proof. We use two consequences of Lemma 3.9. First, (111), i.e
Py(l) < C (1 +|1))7*, | < 27, (116)
together with P; < 1 and the 2/*!m-periodicity of P; (Corollary 3.10). Second, insert-

i il : N _ . _i2™ g
ing gmo(§) = (F5—) kL(€) into § = [1,>1 kmo(27" - ) and using anlHef =
e—i3 m gives the factorisation
2

A _Zé sin($ —n
€)= (755 Ao, A = ] kL@ ™), (117)
? n>1
and letting M — oo in the estimate Hﬁil |k L2771 < eC(1+1])%, |I] < 2M7, established
in the proof of Lemma 3.9, yields [A(¢)]| < € (1+|¢|)% for all ¢ € R. In particular § vanishes

to order exactly K at every 27v, v # 0, and, since |sin(7v + §)| = |sin(5)| < min{1, M}
i [u]
15(2mv + )| gec%umﬂmﬂuy)’%, veZ ueR. (118)

Region (a): |l < 277. Then (116) and |3| < ||s]|;1 = 1 give (115) with C' = Cj, the
bracket on the right being > 1.

Region (b): || > 2/m. Let v € Z be the nearest integer to [/(2/T!7) and put I :=
| — 2/ 7y, so that |[I'| < 277 and, because |I| > 277, v # 0. Setting v := 2771’ and
u:=v —h we have |[v| <7, |u| < 2T and

27 = 2 4 v, 27— h=2mv+u.
By periodicity and (116), P;(I) = P;(I') < Cy(1+|'|)*. Since |u| < 2F we have |rv+%| >
mlv| — 2F > Z|y| for [v| > 1, so (118) gives
15(2771 — h)| < Cymin{1, |u']»K|1/| E+Ki — ¢y min{1, M}KM P.
Moreover |I'| < 277 implies 2/7|v| < |I| < 3-2/7|v| and hence (1 + |I|)™ > (1 +
3m)~P(27|v|)~P. Tt therefore suffices to bound

R := min{1, ‘u|}K<1J2r|Jl, )p

by a multiple of 1 + 277|h|%, and we distinguish two cases.

(b1) |v] > 2|h|. Then F|v| < |u| < 3|v], so min{1, |“|}K < (3jv))K. If 27Jv| > 1, then
| = 27|v| gives (#“]l,')p < [v[7" and hence R < (2)K[v|F=r = (2)K ks < (3)Krks,
using |v| < m and K; > 0. If 27|v| < 1, then ( < 277 and |[v|® < 277K whence
R < ( )K2 J(K—p) _ (4)K2—J1Cj < (%)K

(b?) |v| < 2|h|. Then |u| < |v| + |h| < 3|h| and, using 1 + |I'| > 1,

R < () 27 < (3)" 277In "

)

Collecting the three cases proves (115). O
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Corollary 3.15. Let s be as in Lemma 3.14 and let M € Ny, k € TZ. Then, for all N > M
with en|k| < § and all m € T +,

|8(enm)| Px-ar(ear(m+k)) < C(1+ (LK) 27M°) (1 + epr|m+k))77, (119
with C = C(K,j) as in (115). In particular the function
g(M,m) == C(1 + (LIk)K27MP) m + E| (1 + enr|m + k|) ™7 (120)

satisfies \f,gN)(M, m)| < g(M,m) for all N > M, and gi.(M, .) € £>(Too +, (2L)™1) when-
ever p > %, i.e. whenever s is 1-regular in the sense of Definition 3.12.

Proof. Apply Lemma 3.14 with [ = ejy;(m+k), h = enykand J = N—M, so that 277/1—h =
enym; then 27°|h|K = (L|k|)K2N=M)p=NK — (L|k|)K2-NKi=Mp < (L|k|)K2=MP because
K—p=K; > 0. The bound on f,gN) follows from | cos(tenk)?sin(en(m+5%))/en| < |m—+5|,
and the square-summability of g (M, .) from Y |m[*(1 +ep|m|)™% < 00 & 2p—2 > 1.
n

3.2 Momentum-cutoff renormalization group

A second renormalization group that we make heavy use of in Section 4 implements a sharp
cutoff in momentum space [70]:

Definition 3.16 (Momentum-cutoff renormalization group). Let xr, , be the characteristic
function of 'y + C I'ny1.4+ C T+, and let:

RN 1 (O = 22 xey (0) e RY(© = hen W)Geds, (121)
for &€ = (5(1),5(2)) € hn+. The momentum-cutoff renormalization group is densely defined
by:

an41(@(6)) = a(RN41 (£)), aX(@(é)) = a(RY(S)). (122)

The momentum-cutoff renormalization group enjoys the same properties as the wavelet
renormalization group, cp. Proposition 3.3.

Proposition 3.17. The one-particle map of the momentum-cutoff renormalization group
has the following properties: RJ]\\;-H N+ = bnyr+ s

1. well-defined,

2. C'-compatible,

3. isometric, i.e. R%H* o R%H =Ly,

4. asymptotically compatible, i.e. RY+1 o R%—H = RY.

Moreover, the inductive-limit Hilbert space agrees with that of the wavelet renormalization
group, hoo+ = L?(S1)+ ® C%, and RY* o RY =14, .

Let us also state the real-space form of the asymptotic one-particle maps of the momentum-
cutoff renormalization group:

3 s sin(re (. —x
RE(&) = 7re} Z & eiar (- —z)sin(rey (- —2)) (123)

sin(5p (. —=)
TEAN

for ¢ € hy+. This makes it evident that images, &) (a(€)), of lattice-localized localized

operators, a(§), & € hn1(I), are not strictly localized in I C S}, in contrast with the
wavelet scaling maps.
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3.3 The scaling limit of lattice vacua

We are now in a position to determine the scaling limit of the family of lattice vacua
{wéﬁ)} NeN, according to (89). Using either the wavelet or the momentum-cutoff renormal-
ization group, we find:

WiV (a(&)al () = (RN (€), (1 = SE ) RY, (0) w-ar (124)
=i Y RNERP RN M,
k€l Ny M+

(N)

such that the scaling-limit states wy, 7, N € No, is well-defined if we impose the renormal-
ization condition,

lim e Ay = 12
NE;HOO EN AN m, ( 5)

for some m > 0 (the physical mass of the continuum fermion):

W @@adtm) = & S RYEw PSRN (1)) 2, (126)
kel oo, +

where P, (k) = (2w (k)™ Hwm (k)12 4+ np (k) - o) with wy, (k) = (m? + k2)% and n,, (k) =
ke, + me,. If we use the Majorana mass term (68) instead of the Dirac mass term, PT(nJr)
instead takes the form:

PP (k) = (2w (k) ™ (win (k) L2 + nn (k) - 0), (127)

with n, (k) = key + me,, which satisfies: cpH = (1 - P(+))C for all m > 0. In this case,
the scaling limit is also well-defined as a state on B +:

W wEOUm) = Y (RN @ PYRY () ce (128)
k€l oo, +

()

The one-particle operator I,
the chiral projections p+, cp. (61):

of the massless scaling-limit state is directly related to

B (k) = (15 + sign(k)oy) = Pigngi (129)

which results in the following expression of the scaling limit on the chiral algebra Ql( ) % (and

again similar for %%i),

W W ©vhm) = & Y 51 £ sign(k) RE(E)RRY (n)r, (130)
keFooi
W, ()0l () =

such that the chiral parts decouple. As expected, we observe that the the scaling limit of
the massless lattice splits into independent components relative to the chiral decomposition
(61), and (130) is related to the projection, cf. (72),

Pt L?(St) — H?(S}), (131)
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onto Hardy space and its complement P~ = 1—P™. Inverting the Fourier transform in (130),
we obtain a real-space expression that is seen to approximate the standard infinite-volume
two-point function in the limit L — oo [1]:

Exp o sEN) (2) ¢k sCEN) (2!

o (e (©L(0) = F / o [t @ny e e
, €y SN (@) 8N ()
—>j: /dac/d T Lo .

Now that we have established sensible candidates, (126) & (128), for the scaling limits
of the families of lattice vacua, we establish the convergence to these limits for the wavelet
renormalization group using the results of Section 3.1.2.

Lemma 3.18. Let {w(N)}NeNO be a family of quasi-free lattice states, each defined by an
operator 0 < SN <1 on hy o (CSWN) = (1 — SNNC in the self-dual case) whose kernel is
diagonal in momentum space, (e, S(N)el7j>N = 2LN5k7lS’(N)(k:)ij. Assume that the periodic
extensions of these kernels converge point-wise,

Jim Slge)(k) i = S(k)ij, k€Tos, i,j=1,2, (133)

to the kernel of an operator 0 < S <1 on b+ (CS = (1 - 5)C), where (ey;,Se1j)o0 =
2L6;1S(k)ij. Then, for the wavelet as well as for the momentum-cutoff renormalization
group, and without any regularity assumption on the scaling function s, the renormalization

group flow (89) of w™) converges in norm to ng) =wgoal:
Jim oY — WM =0, N € N. (134)
More precisely, the renormalized symbols
S(N) RN * S(N+M) RN " S(N) RN *SRN (135)
are again momentum-diagonal, and with
Sar(N) = max |[$47 (1) = S0 )| (136)

leln,+

one has limps_,o, Opr(IN) = 0 together with the explicit estimates

2n
(@) = w§ ) a&) - al&)al i) - atOra))| < o (N) TT limglln, — (137)
q=n+1
oY) — WiV < 2Ln @ (51 (NV)), (138)
for all orthonormal &1,...,&, € bn+ and all Npq1,...,m2n € by .+, where w denotes a

modulus of continuity for the map T — wr on the compact set {T € My(C) : 0 <T < 1}.

Proof. Step 1: the renormalized symbols are conver combinations over aliasing classes.
Both renormalization groups act in momentum space by multiplication with a symbol fol-
lowed by periodic extension, cf. (101) and (121):

—

RN 1/ (6)(B) = oas (k)éper (k). RY(E) (k) = oo (k)éper(k),
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1
with op(k) = 2% TTY_ mo(entmk) and oo (k) = ex8(enk) in the wavelet case, respec-
1

tively op (k) = Q%XFN(k:) and oo (k) = 3 xry (k) in the momentum-cutoff case. Equiva-
lently, in terms of the plane-wave basis,

M—-N
(eni BA(erg)har = 6,277 (T molensmk)) - 70 (139)
m=1

zEAN

M—N

M—N
:2LN5ij2 2 ( H m0(5N+mk)>50,£(k—l) mod 2Ly’
m=1

1 .
(enis RN (e15))00 = Oijediilenk) S e ihDe

TEAN
1
— L.o2 8
= 2LN5135N5(5N]C)50,%(I¢—1) mod 2Ly

for all k € I'o + and | € I'y 4, with xr, (k) in place of the products and of 5(exk) in the
momentum-cutoff case. Writing k ~ [ for %(k: — 1) =0 mod 2Ly, i.e. for k in the aliasing
class of I € I'y 4+, a direct computation using Lyey = L and Ly = oM N gives that

S’](\flv) and S’g\[ ) are momentum-diagonal with

A N A
S = Y wn® SR, SPW = Y wek)SH),  (140)
k~l, k’EFN_Q_M’i kol k€l oo, +
where wy(k) == |]_[7]Z:1 mo(entmk)|? and weo (k) := |3(enk)|? (respectively wy = weo =

Xry)- The decisive point is that these weights are probability weights on each aliasing class,

> wnk) =1=> we(k), leTy-. (141)

k~l k~l

Indeed, for M = 1 the two aliases of [ in I'y41 + have arguments exy1k and eny1k + T,
so that (141) is the defining relation |mg(&)[? + |mo(€ + 7)|> = 1 of a low-pass filter, and
the general case follows by iteration; for ws, it is the orthonormality relation ), . [3(£ +
27n)|? = 1 of the scaling function; and in the momentum-cutoff case it merely says that each
aliasing class meets the Brillouin zone I'y + exactly once. In particular 0 < 5'](\2\7) , S‘éév ) <1
automatically, and no decay estimate on § is required at any point of the argument.

Step 2: Sp(N) — 0. Fix I € I'y+ and denote by pb,, ul, the probability measures
on the aliasing class of | defined by wjys, ws. By the scaling equation in momentum space
(102), war(k) — weo(k) point-wise as M — oo, and since both are probability weights,
Scheffé’s lemma gives convergence in total variation, ||u, — pl |7y — 0. Writing Ay (k) :=

Séﬁi*M)(k) — S(k), which satisfies ||Ax (k)| < 2 and Apz(k) — 0 by (133), we obtain from
(140)

15570 = 3@ < S war(B) | An R + 3 Jwar (k) — woo (B)] 1S (k)|

kil K
<Y weo(B) [ A ()| + 3y — picllrv,
il

where we used ||S(k)|| < 1 and ||Ap| < 2. The first term tends to 0 by dominated
convergence with respect to the fired probability measure p!_, with constant majorant 2;
the second tends to 0 by Scheffé. As I'y 1 is finite, dp/ (V) = max; || - || = 0.
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Step 3: the estimate (137). By (7) the two sides are determinants, det M, with (M;),, =

(&p, (1 — gj(\f[v))nnJrq)N and (Ma)p, = (&p, (1 — S’éév))nn+q>N. Telescoping over the columns
and applying Hadamard’s inequality to each of the n resulting determinants,

| det M — det Mp| < Z (M — M2)~PHz H H(Ml).qu H [(Mz).q|
p=1 q<p q>p

2’

and, the &, being orthonormal, ||(M;).qll2 < [[(1 = S)0n+qlln < ||Mnaqll v as well as ||(M; —
M) plla < HSJ(\fIV) —gc()év)H 1 MnpllN = 001 (N) ||9n4pl v, the last equality because both symbols
are momentum-diagonal. This gives (137). We stress that the bound is independent of Ly,
i.e. of the number of lattice sites.

Step 4: the norm estimate (138). Since 5’](\]4\[) and S’g) are momentum-diagonal, both
states factorize over the momentum modes: under the isomorphism 2y + = Qe , Ma(C)
of Section 2.1 they are product states with factors the quasi-free states of the 2 x 2 symbols
S(1). The trace distance is subadditive on product states, so

iy — w§Vl < > H%(AP(J) - wééév)(z)H'
leln,+

On the fized finite-dimensional algebra Acar (C?) = My(C) the map T + wr is continuous,
because by (7) all moments of wr are polynomials in the entries of 7" and a functional on a
finite-dimensional algebra depends linearly on finitely many of them. Being continuous on
the compact set {0 < T < 1}, it is uniformly continuous with some modulus w, and (138)
follows. Together with Step 2 this proves (134). O

Corollary 3.19. Assume the renormalization condition (125), and, in the Ramond sector
with m = 0, the convention sign(0) = 0 of (60). Then the renormalization group flow of the
family of lattice vacua wé]\g converges to wgi (in norm) at any scale N. In the massless
case one has, moreover, the exact identity

155 (k) — S(k)|| = | sin(1enk)], k€ Toot, (142)
and consequently, with 0p(N) as in (136),

Sp(N) < C27M 43 max [|ph, — plollrv, Csi= sup Z |5(u + 27n) | |u + 27|,
leln,+ u€l—m,m) o7

(143)

where Cs < oo if and only if [5 |€]5(€)|*d¢ < oo, i.e. if and only if s € H%(IR{) Both bounds
in (143) are independent of the scale N.

Proof. For k € I'o + with (m, k) # (0,0) the renormalization condition gives ny, (k) =
ennm(k) + o(en) and wy, (k) = eywm (k) + o(en) with wy, (k) > 0, whence the point-wise
convergence S’(()N)(k:) =1 —P)(\z)(k) -1 —PT(nJr)(k:) = S(k) required in (133); for m = 0 and
k = 0 this is the convention sign(0) = 0, see the discussion below. Lemma 3.18 then applies.
For (142), subtract (129) from (60):

S (k) — S(k) = 58 (sin(Yewk)o, — (cos(enk) — 1)ay),
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whose operator norm is 3(sin?(3enk) + (cos(3enk) — 1)2)% = |sin(fenk)|. Since 0 <

S(()N), S <1 forces HSéN)(k) — S(k)|| <1, and since |sin(z)| < |z|, (142) yields the scale-free

bound HSég:rM)(k) — S(k)|| < Leniamlk|, valid both inside and outside the Brillouin zone

of I'vym+. Inserting this into the first term of Step 2 of the proof of Lemma 3.18 and
substituting u = enl, ek = u + 27n gives

> woe (k) IS5 (k) = S(R)[| < 252 N [3(en k) PIk| = 222 5™ (5(u + 2mn) [Plu + 2mn| < S27M,

TEN
k~l kil ne”Z

which is (143). The characterisation of Cs < oo is immediate from I'w +-periodisation of
131 - 1. O

Remark 3.20 (The zero mode in the Ramond sector). For m > 0, and for every k # 0,
the limit S(k) in Corollary 3.19 is determined by the renormalization condition (125) alone.
This fails at the single point (m,k) = (0,0), which occurs only in the Ramond sector,
0 € I'no +, and which is precisely the zero-mode degeneracy noted below (60): wpy,(0) =0, so
PTE:;)O(O) is not defined by (126), and the massless limit of P/\N) (0) is direction dependent.
The convention sign(0) = 0, i.e. Ay = 0, gives S(0) = %112; taking instead A > 0 with
ex AN — 0 gives P)E;)(O) = 1(1y+0.) for every N and hence S(0) = £(15 —0.), a different
scaling-limit state.

This is not a harmless ambiguity that could be averaged away, and it is worth recording
why. Because §(0) = 1 and §(2mn) = 0 for n # 0, the aliasing class of | = 0 carries all
of its weight at k = 0: wo(0) = 1 and wee(k) = 0 for the remaining aliases, and likewise
wpr(0) =1 since mo(w) = 0. Hence (140) degenerates at the zero mode to

S\ (0) = sV (), S (0) = 5(0),

so that a discrepancy at k = 0 enters dpr(N) undamped, and by (137) it is visible already
in the two-point function. The convention sign(0) = 0 is the one consistent with the rest of

141
the article: the doubled projection (191) has the block (j:l if) at k = 0, which is precisely
2 2

the purification (11) of S(0) = 3 5 L2, and it is this zero mode that is responsible for the
non-purity of wy and for the conformal weights h = 3 respectwely h = —6 in (194) and
(198).

Remark 3.21. Two features of Lemma 3.18 deserve emphasis. First, both renormalization
groups are covered by one and the same argument, the only difference being the alias weights:
Woo = |3(en . )|? in the wavelet case and wo = Xry — a Dirac measure on each aliasing
class — in the momentum-cutoff case, for which (140) degenerates to Sj(\flv)(l) = SIN+M) ]y
and S’éév)(l) = S(I), so that op(N) = maxjery , ]\S£Z+M)(l) — S| and (137) becomes
an equality-driven estimate with the bare symbol deviation. Second, and in contrast with
all convergence statements of Section 4, no regularity of the scaling function enters: the
argument uses only [mo(§)> 4+ |mo(§ + m)[* =1 and 3,5 [5( + 27n)|? = 1, both of which
are equivalent to orthonormality of {s(. — n)}nez. In particular Lemma 3.18 holds for
the Haar scaling function 15 = = X[o,1): for which 3 decays only like ||~ and the decay
estimate (113) is unavailable. This is as it should be: the convergence of the lattice vacua
is a statement about states on the fized finite-dimensional algebra Ay +, and it is only the
convergence of the unbounded generators in Section 4 that is sensitive to the reqularity of
s.

38



Remark 3.22 (Where the rate comes from). Step 2 of the proof isolates the two mechanisms
that limit the rate at which the lattice vacua converge: the ul -average Y, ; weo(k )HSpJCVrJrM (k)—
S(k)|| of the symbol deviation, and the total variation ||ub, — plo|lrv of the alias weights,
i.e. the convergence of the finite products H%zl mo(EN+m - ) to §(en.). Note that a supre-
mum over the aliasing class would not be small in the first term: S(k) is the continuum
symbol and does not become stationary in k, so it is essential that p'_ is a fized probability
measure and that dominated convergence is applied with respect to it. This is precisely where
the localisation of § enters the rate — and only the rate, never the validity of (134). In the
momentum-cutoff case pt, = & and the first term collapses to ||[SNTM) (1) — S(1)|, which
for the lattice vacua of Corollary 3.19 is controlled directly by the renormalization condition

(125).

4 Approximation of conformal symmetries

It follows from (130) that the chiral subalgebras of the fermion and Majorana algebras,
Qlc()f)i and %gf’)i, together with the scaling limit wy = wc(ff j)[ are conformal field theories
with central charge ¢ = 1 respectively ¢ = % [22, 27]. But, we would like to understand how
the Diff . (S} )-covariance arises in its differential form, i.e. the Virasoro algebra, in the scaling
limit from the lattice data, 2Ax +, By +, and wéﬁ?. To this end, we combine the method of
operator-algebraic renormalization and its specific realizations introduced in Section 3 with
the well-known results on Bogoliubov transformations and their implementability collected
in Section 2.1.1 to analyze the approximation of conformal symmetries by the so-called

Koo-Saleur formula [61], see also [69, 97].

4.1 The Koo-Saleur approximants

To motivate the Koo-Saleur formula for the lattice analogues of the Virasoro generators,
we first introduce some terminology, following [69]. The discussion stays rather formal and
assumes that we are given a conformal field theory defined on the circle S}J with Hamiltonian,

H= [ doh(z), (144)
St

acting on some Hilbert space H, where h is the Hamiltonian density (a local quantum field on
H). The Hamiltonian density is itself given by the chiral and anti-chiral energy-momentum
tensors, T and T, via

h(z) = 5= (T(z) + T(z)). (145)

The Fourier modes of the energy-momentum tensors,

Li=Gse /51 dr ™ T(2)+530k0,  Li=(ee /51 dre ™ T(2)+ 53000, (146)

L

for k € '+, form a representation of the Virasoro algebra with central charge ¢ [22],

[Li, L) = £(k — k') Liypr + Opar 055 (25) ((2k)* — 1), (147)
Lk, L) = £(k — k) Ly + Opar 055 (25) ((£k)* - 1),
[Lk,Lk/] =0,
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on H. Thus, the Fourier modes Hj of the Hamiltonian density h correspond to linear
combinations of the Virasoro generators:
H;, = ﬁ/sl dx €Zk$h(x) =1L +f,k — T(;(Sk,o, (148)
L
with Hy = %H . In addition to the Virasoro generators, it is useful to consider their smeared
versions,

LX)=3 Y XpL, LX) =5 > XLy, (149)
k€T o, + k€T oo+

for a sufficiently regular differential loop X € [%(S},C) (cf. Definition 3.4 and below, see,
for example, [42, 16] precise definitions of smeared Virasoro generators).

Now, the Koo-Saleur proposal is to introduce, by analogy, the lattice Fourier modes of
a lattice Hamiltonian, for example, H(()N):

HY = Ley 3 eibop®), (150)

™
TEAN

where h() : A N — Ay 4 or B 4 is a suitable lattice Hamiltonian density. Here, we slightly

abuse our notation for the sake of simplicity and denote H ,g:()) = %HSN) by H(()N) as well.
This leads to the following lattice analogues of Lj, and Ly:

Definition 4.1 (Koo-Saleur approximants). The Koo-Saleur (KS) approximants of a lattice

Hamiltonian H™) with density RN . AN = AN+ or By 4+ are given by'3:
(N) _ (N) s (N) 77(N)
1" = 4(Hy +m[ﬂk ")), (151)

FN) 1 g (N) me (N) g7(N)

L _§<H—k + Sam(enh) [H—k’ 0 D
for k € 'y 4. Given a differential loop X € [(An,C), we define the smeared KS approzi-
mants by:

LX) =g~ > XLY, ) =40 Y &)Y (152)
k‘EFNﬂL ker]\]’+

An alternative formula for the Koo-Saleur approximants is obtained by replacing 2 sin(%s Nk)

with the dispersion relation wy,—o(k) of the free massless lattice Dirac Hamiltonian HéN)

because 7| sin(fenk)| ™! = ﬁw)\Nzo(k)*lz

. N . —(N N x N N
(1+sign(k) LN +(1—sign(k)) L) = H{ )+W[H,§ ) H{ >], (153)

. N . —(N N - N) (N
(1sign(k) L)+ (1—sign() I = B — s [ BV
In the following we show that the (smeared) KS approximants, L(")(X) and Z(N)(X )s
associated with the free massless lattice Dirac Hamiltonian (44) converge to the (smeared)
Virasoro generators, L(SY (X)) and L(SY (X)) in a sense we make precise below.

3The prefactor ~ k~! used in [69] has no intrinsic meaning on the lattice at finite scale and is replaced by
o | sin(3enk)| ™" ~ Tk~ for small e which also avoids Fermion doublers at the boundary of the Brillouin
zone.
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As a direct consequence, we find that the (unitary'?) exponentials,

UM (X) = exp(iL™M (X)), TY(X) = exp(iL™ (X)), (154)
as well as the (automorphic) dynamics,
N _(N
oiy) = Ay ), o) = Adow, x (155)

for X € [(Ay,R), converge to implementers of localized diffeomorphisms in Diff ; (S}) and
their automorphic action on 2, + respectively B +.

It is important to note that we have two degrees of freedom in the correspondence
between lattice and continuum models: it may be necessary to shift the ground-state energy
and scale the energy axis in order to match the two in the scaling limit. That is, we should
allow for hamiltonian the following adjustment of the lattice Hamiltonian

HWN) s anHWN) 4 by 1, (156)

where an, by € R are model-dependent constants.

4.2 The case of massless free lattice fermions

We determine the KS approximants for the complex fermion algebra 2y 4 of the free mass-
less (Ay = 0) Dirac Hamiltonian (44) according to Definition 4.1 using the following lattice
Hamiltonian density!®:

AN = 6]7\/2%((1;1_')_21\,@;2) —aMfa® 4 ag_);[Nag}) —aPtall) 4 h.c.) €An .y, z €Ay (157)

Although we evaluate (151) only for Ay = 0, we note that (71)) shows that the lattice
approximation effectively generates a contribution that behaves like Majorana mass at finite
scales. Similar to (45) and the Fourier modes of the lattice Hamiltonian density are given
by additive second quantization:

N - N N¢ N NG
Y = Eetan (™) =40 Y D alihy W, (158)
lEFN,i 7’7]:172

: k
—ien(I+3) 1 _
h(N)(l) - 0 e 2’ cos(zenk) — 1

. k
eZEN(H?)cos(%ENk) -1 0

Now, because of (18), the KS approximants are also given by additive second quantization:

1" = Lretary (h + @2sin(benk) [0, 15V, (159)

LY = LLegtary (n) + @sin(henk) " [29 1Y),

MNote that L,(CN)* = L(_A,? and f,(cN)* = f(_]\,?,

Note that the expression for hEEN) is chosen to be symmetric with respect to the basic lattice translation
z — x +en. A different choice, for example, directly using the summand in (44) corresponds to partial
integration in the scaling limit and, thus, a modification by a total divergence.
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Explicitly, we find for the KS approximants of the complex fermion algebra A +:

lEFNiZ,j 1,2
; k
Ny =1 sin(en (I + %)) e~ (+3) cos(3enk) — 1
k = 32&n | . k ,
ezaN(l+§) COS(%&TNk‘) —1 — SiH(EN(l + g))

—(N N ;
LI(C)Z%CI ( ) _ Z Z Tfk 1) l(])7
ZGFNiz,] 1,2
. k
(N)(l) 1 1| sin(en(l— %)) e iEen(=3) cos(%ENk:) -1

— 2°N : k
elen(=3) cos(ienk) — 1 sin(en (! — %))

We find the explicit expressions for the KS approximants in terms of the chiral decomposition

(61) by applying the chiral projectors p+ to the one-particle operators E;N), Z,(CN):

_1( — sin(izst)2 sin(en (I + E)) —i(sin(%le)2 + sin(%aN(l + k))2)> (161)
6 )
i(sin(3enl)? + sin(en (I + &)%) —cos(tenk)?sin(en(l + &)

(N) 0 1( (cos(ille]\/k:)2 sin(en (I — %)) z'(sin(%eg\/l)2 + sin(%sN(l — k))2)> 16)
Hsing

DA T 2 el 2 ol 2 _k
sin(zenl)? +sin(sen(l — k))*) sin(genk)”sin(en(l — 3))

From the latter expressions we can read of the KS approximants of the chiral and anti-chiral

subalgebras (62), i.e. p,élgN)(l)p, = 8(_]\2 respectively pJ,ﬁN) (Dpy = ESrNk)
(N) = LdFR, (K(N)) = 72 Z cos(enk)?sin(en (I + %))Jﬂilszﬁ,”, (163)
lEFN’i
N N
L) = Lar(e) = & Y cosCGenk)sin(en (= 5L, b
lEFN’i

A direct computation verifies the validity of the lattice analogue of the Virasoro algebra
(147) at ¢ = 0 for L,(CN) and f,gN) at first order in ey, with the following explicit expressions
for the chiral and anti-chiral subalgebras:

cos(%eNk)2 cos(%gNk’)2 ( (V)

N) N) | Lo (1 o (N)
|:L—,k:7L ] -7 2Sln(2€N(k k )) COS(%E—:N(}C + k/))2 L—,k-‘rk/ + R—,k—‘rk‘/) (164)

1 2 1. 7.2
(N) ™M1 L COS(Zé‘Nk) COS(Zé‘Nk ) (N) (N)
[L+,k>L+,k/] = 22 2sin(gen(k — k') cos(Ten (k1 k)2 (L+,k+k/ + R+,k+k’) ,
where the remainders R;JXL, _ R,(CJ_\(_L, are in O(e%) and given by:

R(Nk)+k/ =Leos(en(k+K)? D sin(en(I+ B sin(fey (1+ 20 u+k+k,¢_|l, (165)

lEFNi
N . 5
RS_’k)Jrk, =Lcos(sen(k+k") Zsm k+k ELEY) sin(fen (1— ))¢+|l (k) L0
lEFNi
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A similar computation starting from (75) yields the KS approximants for the two copies

of the Majorana algebra By 4+ making up Ay +, which we also denote by LIEN) and f,(CN) by
a slight abuse of notation:

LM = LaQo(t™M) = £ S ST 2006 Door Torp, (166)

lely + o,0'=%

E(N)(l) _ E_:Nl(sin(sN(l+k))(1—cos(eN(l—f—g)))—sin(sN(l+g))(l—cos(eN(l+g)) cos(sNg))
g ? —i(sin(3enl)?+sin(den (I+k)?)(1—cos(en (1+£))
i(sin(3enl)?+sin(3en (14k)?) (1+cos(en (1+5)) )
)

—sin(en(I1+k)) (1+cos(en (I+5) —sin(en (I+5)) (1 —cos(en (I145)) cos(en &

7N N A~
I = La@ ) = = S Y 1 UG D oo Borp, (167)

lel' N, + o,0'==%
0 - 5 (smm<z—k>><1+cos<eN<l—’;>>>+sm<sN<z—k>><1—cos<eN<l Seosient)
~i(sin(Jent)?+sin(ben (1-k)?) (Lt-cos(en (1~ 5)
i(sin(3ent)? sin(en (1 k)2) (1—cos(e (1 ) )
— sin(en (1 k) (1—cos(en (1) +sin(en (1~ §) (1 —cos(en (1~ ) cos(en®)
—(N)

with identical expressions for W.. The analogues of the restrictions (163) of L,(CN) and L,
to the chiral and anti-chiral subalgebras are (in agreement with (163)):

)

L™ = LaQy(e™) .
=T Z (sin(en (14k)) cos(den (1+£)?
l€lnx 4 Lsin(en(I+5) (1 —cos(en(1+%) COS(&N%»)@*I*(l+k)@7|l
= Z cos(tenk)?sin(en (I + g))\i/—l—(lJrk)‘i’—u,

ZGFN‘:E
L) = LdQy(4)
=4+ (sin(en(I—k) cos(3en(I—5)*
(

= % Z cos(iaj\/k:)2 sin(en(l — g))@Jrl—(l—k)\I'Hl’

ZEFN,i
where we used the identity,
> A(fek) + fe (£ k), k)T gpn Pap = Lydro Y fx(1,0), (169)
leln,+ lely,+

which is a consequence of the self-dual CAR, to arrive at each of the last lines.

4.2.1 Relation with Temperley-Lieb algebras

In the original work of Koo-Saleur [61] an essential step consists in relating the Hamiltonian

(N)

lattice density hy ’ to generators e, of a Temperley-Lieb algebra TLs with loop parameter §.
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Let us briefly explain how such a relation with Temperley-Lieb algebras [89, 45] arises in our
setting, specifically in the case ¢ = % which is intimately connected with the transverse-field
Ising model [80]. Invoking the self-dual formulation involving the Majorana mass term in
Section 2.6, we can rewrite the Hamilton (71) in terms of a pair of anti-commuting complex
fermions c(l), ¢? in momentum space,

&) = 0Ky +0(—R)PT_,, &2 = 0(k)ay + 0(—k)T (170)

which yields:

i . : )
sin(enk —i((cos(enk) — 1)+ A ¢
=3L Z ( a T)( cos(aNk()ejj 1)) +An) ‘ (f]\sfin)<5Nk))+ N)> (é(lf) T) (171)

kel _ > -
29\ . . a(2)
—sin(eyk) —i((cos(enk) = 1) + An)\ [ ¢

2]€/€F2_>0< - )< COS(‘SNk) _Nl) + )\N) S]iVH(ENk) ’ ><é{§]z’ T> .

Here, we restricted ourselves to anti-periodic boundary conditions (-) for simplicity. Next,

we apply additional Bogoliubov transformations,
5(1) (1) 5(2) ~(2)
Z —iton [ € 2y . me [ €
(ﬁ) T) = (ﬁ) T) : ( By ) = io,e'd <A(§)T> (172)
Z_k Ck —k €k

to arrive at two copies of the Hamiltonian of transverse-field Ising model with mixed-sector
boundary conditions [81]:

f f N 5@
2LZ( ) P () ( ) ZLZ< )h&mﬁ(k) <é<§”>, (173)
kel _ so\"— —k kel <o —k —k

where h%ll\)/[(k) = —sin(enk)oy + ((cos(enk) — 1) + An)o.. Now, we are in a position to

explicitly spell out the relation with two commuting‘ copies of the Temperley-Lieb algebra
TLs_/5 (on 2N+2 strands). This is achieved by introducing the Majorana fermions on the
refined lattice An41,

W =20 400wl = ()9 -0, =12, celdy,  (T4)

THEN41

and defining the Temperley-Lieb generators:

e;j) = 2_%( 1+ Z¢I+EN+1w(j))7 J=12, z € Ay (175)

This leads to:

N .
H(g ) N+1 Z Z x<|)>EN+111Z} 2 + wI+5N¢x‘f)’5N+1) (176)
J= 1$6AN
2f€N+1 Z Z 1 —An)e ) + 69(6]4)-€N+1) — (2 )‘N)2N6N+1
j 1 $€AN

Therefore, the KS approximants at criticality (Ay = 0) can be equivalently computed us-
ing the Temperley-Lieb generators e(] ) (see [85] for further explanations concerning this
perspective in the setting of OAR).
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4.2.2 A modification of the Koo-Saleur formula

In Section 4.2.4, we prove the convergence of the KS approximants in representations with
non-trivial central charge ¢ # 0 (see Lemma 4.15). But, this requires a certain modification
of the original formula by Koo and Saleur to avoid spurious contributions due to the periodic
boundary conditions introduced by the Fourier transform for one-particle functions on the
dual momentum-space lattice I'y 1. While this modification has a concise form in terms of
one-particle operators, it is also possible to formulate it in terms of the Hamiltonian density
(157), and, moreover, in terms of Hamiltonians expressed via Temperley-Lieb generators as
in Section 4.2.1.

In the formalism of second quantization, the Fourier transform of the Hamiltonian density
is given by a one-particle operator h,(gN) according to formula (158). The modification of the
Koo-Saleur formula is then given by:

2LN 2 h Dxry(l+ ket @€ (177)
lel'n,+
= Z (ﬁ Z eilleFN (l/ +k ) ( Z h €l+k & el)
z€EAN el + leTn+
= Z Xry (- —l— k ( Z h Deprr ® TL )wel)
zEAN lel'n,+
=M (2)

= (ern (T R) sy i) (0),

where €; is short hand for (e;, - ) for all [ € I'y+. The characteristic function xr, is
understood to remove additional contributions arising from periodic boundary conditions
onl'y,i.e., h]i ) is not understood to be —N—perlodm in k € I'y 4. This formula together with
(159) implies that the modified one-particle KS approximants resulting from the modified

h,(cN) can be written as:

67 = (R g ) 0) (178)
= 5 xrn -+ k)(@)dey! (h,gN>(x)+ (2sin(Lenk)) ! h,gm(x),hng
TEAN
- ﬁ Z KECN)(DXFNU + ke ® e,
ZGFNY:‘:

with the obvious definition of K,(CN) (z). An analogous formula holds for Z,(ﬂN). At the level of

the second-quantized operators, we obtain the following modifications:

N o
N _ ; 1 2 2 2 2
H( )(a:) 27r 126 ky(aéliNaé )m aé) ;)z+a§1) aé_)sN m aél)Taz(J_)z
L@t O AP0l a1 o) @ 1D
Ay “enQy—z— w0y ey Oy_—z =0y ay+stz)’
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and

L = (v (0 #ay L) (0), (180)

L) = 3 (M @) + gt [ @, 155™]).

and analogously for fiN). It follows from (179) and Section 4.2.1 that H ,gN) () and, thus,

L,(CN) (x), f,(CN) (x) can be expressed in terms of Temperley-Lieb generators and the action

of the braid group (realized in terms of the Kauffman bracket or Jones representation,
cf. [81, 85]).

It is evident from these formulas that we recover the original Koo-Saleur formulas for N — oo
because xr., =1, and H ,iN)(O) agrees with the unmodified H ,gN) (and similarly all the other
modified quantities). The lattice Virasoro relations (164) and the O(¢3;) remainders (165)
were computed for the unmodified approximants their fate under the modification is settled

by the following remark. Likewise, XFN( + k) is a Dirichlet kernel and decays only like
|z|1, so the modified approximants are quasi-local at scale N only up to such tails. Both
points are immaterial for the convergence statements, since the modification affects only
momenta of order 7 /ey, but they should be kept in mind when the finite-scale operators
are used as they stand, e.g. in a quantum simulation.

Remark 4.2 (The finite-scale algebra of the modified approximants). By (178) the modified
one-particle approzimant is the truncated weighted shift KIE:N) Dep f;E;N)(l)XFN(l + k) €14k,
where the unmodified one lets the shift wrap around the periodic momentum lattice T'.
Composing two of them,

6N 6076, =y (1 k+E) [0 00N (148 ) xry (1+F) — 6706 (148 xry (14 k)] et raw
(181)

so the modified commutator differs from the truncation of the unmodified one by the term
D&Q obtained by replacing the two inner multipliers by xr, (-)—1. Two observations follow.

First, D,(C k2 = 0 identically whenever k and k' have the same sign: both partial shifts
Il +k and | + k' then lie between | and | + k + k', so if the total shift stays inside T'y so
does each partial one. The case k' =0 is trivial for the same reason, xry(l) =1 on T'n; in
particular the pair (k,0) governing the energy bound of Lemma 4.17 is unaffected. For all
such pairs the modified approximants satisfy (164) and (165) verbatim.

Second, for opposite signs D,(c k? is supported on those | with l+k+k" € Ty but l+k ¢ T'n
orl+k ¢ Ty, aset of at most |k| + |k'| momenta all lying within |k| + |k'| of the boundary
of I'ny. It is thus of finite rank, uniformly in N, but it is not small in operator norm: the
symbol e sin(en (I + g)) is of order |k| at the zone boundary, so HD,(CAQH = O(1). What
is small is its restriction to any fixed Sobolev scale: since |l| > w/en — (|k| + |K'|) on its
support,

1Dy

hosno < Crr €8, >0, (182)

which for o > 2 is smaller than the O(e%;) remainder (165) it accompanies. So the mod-
ification does mot spoil the finite-scale algebra on the domains on which the convergence
statements are formulated, and (182) quantifies the “affects only momenta of order m/en”
of the preceding paragraph.
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4.2.3 The formal scaling limit

Before we turn to the analysis of the convergence of the KS approximants in the scaling limit
in the sense of Definition 3.1, we study their formal limit in terms of the asymptotic renor-
malization group elements oY . This allows us to determine candidates for limit operators
which should correspond to representatives of the Virasoro algebra (147).

Complex fermions Ay . Let us consider the complex fermion case first. As L,(CN), f,(cN)

have convenient expression in momentum space, we first observe that:
oAa)y= Y et (@) = Y etra(sEm). (183)
TEAN r€AN

Thus, because ),

aﬁ(LgW>:: > > al@ha Y wuela) (184)

lel’n + 1,5=1,2

is *-morphism, we find:

D=

. _1 _
_ %8?\[2 ZG(Z)T(€N28£(EEN)) Z el i(l+k) mg(N) ) *lly a( )(EN 31E/€N))7

zyehy i,j=12 I€TN +

oM (L) =2 X X al@han” gk’

lel’n + 1,5=1,2

1 . . _1
— 27F€NZ Za 2 ) Z i(l— k)mg(N)(l)Ueley (Z(])(EN2S15€N)).

z,y€AN 1,j=1,2 lel'n +

Now, we can formally take the scaling limit N — oo using €3, >, yeAy — J g1 g1 dz dy and
’ L L
1
—3 (e

e’ Sa N 5, (in the sense of distributions), as well as,

N —(N
(00) = () = (1 + B)p, VW) = ) = (1~ B)py. (185)
The latter can equally be expressed as a formal convergence of operators on the one-particle
space hoo +:

()

iV = RYAVRY 5 1y, 0 = RXGVRY 5 0. (186)

Therefore, the formal scaling limit of the KS approximants is:

Ly = LdFo(ﬁk) Ly = LdFO(Zk) (187)
= 27r Z Z l+k ]) = Z Z all)T )
€l oo, + 1,7=1,2 lEl"oo +1,j=1,2
_ =1 k0t 7 _ 1 kT 7
- o Z (l + §)¢,u+k¢—|z — 27 Z (l - §)¢+|l,k'¢+|l
1€l 6o, + lel oo, +
= LdFy(_ ) = L_, = LdFy(ty ) = Ly,

where we invoked the chiral decomposition (62) in the last line. We give a precise definition of
{4 1, as an unbounded operator on one-particle h +) in the next subsection. The definition
of its (normal-ordered) second quantization as unbounded operator on Fock space Fa(hoo,+)
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is consequence of the results provided in Section 2.1.1, see especially [15]. Similarly, a
formal computation of the commutators in the scaling limit, again exploiting that o) is a

x-morphism, yields:
[Li, Liy]=£2(k — k') Liy, [Li, L] =£(k — k') Ly, [Ly, L] =0. (188)

Thus, we formally recover a representation of the Virasoro algebra (147) (with central charge
¢ = 0) in the scaling limit of complex lattice fermions. The vanishing of the central charge
is expected because the computation pertains to 4 + itself respectively to the Fock repre-
sentation of A, + with vacuum €, i.e. the Schwinger cocycle (27) vanishes: cg—o = 0.

It is also possible to recover representations of the Virasoro algebra with non-vanishing
central charge (¢ # 0) in the formal scaling limit by passing to the GNS representations of
oo+ given by the scaling limits wf)?j[ = wy of the lattice vacua (126) & (130). But, at this
point, we are forced to distinguish between (—)- and (+)-boundary conditions as the scaling

limit w_ is a pure state while w, is not because of the degeneracies at zero momentum.

Let us first discuss the Neveu-Schwarz sector ((—)-boundary condition). According to
(129), the scaling limit w_ is a pure quasi-free state on 2, — determined by the Hardy
projection Pt and its complement P~ = 1 — P* given in (72) via S = P~ @ P*. Moreover,
by (130) w_ is compatible with the factorization, s, — = QIE;)_ ®7, Ql((;) in to chiral

7—?

components. By (9) the GNS representation 7_ of the restrictions of w_ = WM ®w) can
be realized on Fock space, §a(hoo,—) = Sa(hg),) ® Sa(h(o;),), as:
T (Y+(8)) = P (PEE) + PL(JPTE) gepl) (189)
— + ) 00, —

where we choose the conjugation Jé = E which satisfies JPT = P*.J.
By analogy with (184), we compute the formal limit of ZdF_ (ZiNk)) =T (aévo(%dFo(f(ile))):
resulting in:
Lap_(I0) = LdF_(b+y) = Leg, (190)
[Lag L] = 2k = K) L s + (£) cpr (Cagor o p0)
L

(k= ¥) Lot + Doy (ER)((ER) — 1)

where we used the fact that /4 ;, has off-diagonal parts in the Hilbert-Schmidt class. This
shows that we formally obtain a representation of the Virasoro algebra with central charge
¢ =1 as expected, and the GNS vector of w_ has conformal weight h = 0, i.e. L+ 0y = 0.

In the Ramond sector ((+)-boundary condition), we purify w; by doubling according
to (11). The doubled projections, taking the role of P* in the Neveu-Schwarz sector, are
explicitly given by,

O(xk) 0 3 *3
Ps.=a 3. ( 0 e(xk)) el '>°°+21L< i §)@0®ko = 19D
k€ls0,4-\{0}

on f)((j)Jr @ hgi The GNS representation m of wy = w(j) Qw

3a(boo,+ ® bOO,+) = ga(hg,)Jr)@)Q ® Sa(hgh)@? by:

(=) is then realized on

T (V£ (€)) = Y (Ps, (E®0)) + L ((J @ J)Ps,. (€ 0)), cenl),, (192)
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where ¥4+ on the right hand side is the obvious two-component extension.

Computing the formal limit as in (190) of the KS approximants with respect to 7w leads
to:

Lap (1) = LdFy(bey) = Lag, (193)
[Lagos Lagr] = £(k = k') Ly s + (%)QCPSI (Ot s o )
= L(k — k)Lt pw + w075 (2R) (£F)* +2).
We recover the Virasoro algebra (147) with ¢ = 1 by redefining the limit at zero momentum,
Lig:=2dFy(l1p) + 4, (194)
which shows that the GNS vector of w; has conformal weight h = %, ie. Ly oo ® Qo =

éQO ® Q.

Majorana fermions By +. The computation of the formal limit of the KS approximants
in the Majorana case is structurally identical, hinging only on the formal convergence (186)
of the one-particle operators (166) & (167):

N S ) = -+ 51 -0), B0 500 =01-511+0,).  (195)

Therefore, we only state the final results pertaining to B + itself,

Ly, = £dQo(¢y), Ly, = £dQo(tx) (196)
=7 > U+ gl =5 > =5V anTyyp
leT oo & IeT oo s
=LdQo((— k) = L_, = LdQo(ly k) = Ly,

and the scaling limits of the lattice vacua w_,

Lip=%dQ_(0yy), (197)

and wy,

Lij = 2dQ €+ 1) + 1500, (198)

both of which have ¢ = % and conformal weight h = 0 respectively h = %6. The normal-

ordered quantizations d@) and d@_ are defined with respect to the self-dual analogues of
(189):
T (W (€)) = vu (PFE) + 9L (CPTe), genl).  (199)
T (UL (8)) = Y (Po, (€8 0)) +vL(C® (-C)Ps, (€ 0),  £€b),. (200)

4.2.4 Convergence of the KS approximants

In the computation of the formal scaling limit in Section 4.2.3, we have seen that establish-
ing convergence of one-particle operators (186) in a rigorous way is central to deduce the
convergence of the KS approximant to the Virasoro generators in the scaling limit. Now, we

make this idea precise and argue that such a result shows that {LIEN)} NeN, and {ZI(CN)} NeNg
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are convergent sequences in the sense of Definition 3.1 with limits given by Lj and L;. We
focus on the convergence of the chiral and anti-chiral components, {LS_LNIC)} NeNgys to Ly i, as
the convergence of the other components follows along the same line albeit the limits are
the zero operators. Moreover, we show that the result extends to smeared KS approximant
(152) and Virasoro generators (149).

(++)

We explicitly provide the statements for the complex fermion algebra 2 1 = " ®z,
%g)i The statements in Majorana case B + = g)i ®z, %f;)i are completely analogous.

Virasoro generators. As a preparation for the convergence statement, we need to prop-
erly define the one-particle operator /4 ; of the chiral and anti-chiral Virasoro generators as

unbounded operators on bg)i ~ [2(S})..

Definition 4.3 (One-particle Virasoro generators). The operators (4. j, associated with ngj)i

and ‘Bc(if)i are given on the standard dense invartant domain Dgq C L2(Si)i spanned by
the plane waves {em}mer., . by the expressions:

bpp=3% (IF5es 08, (201)
leroo,j:

where € is short hand for (e;, - )oo for alll € I'ss 1. Since we are particularly interested in
associated unitary groups and,

Cip = Llu—k, (202)
holds on Dgq, we define the real and imaginary parts of {4 i,

rag = 5(lep+le ), ik = 5 (Cek — la 1), (203)
on Dgq as well.

Remark 4.4 (Normalisation). The prefactor in (201) is fized by (e;, e;)o0 = 2L, so that
g:ﬁ:,kem =x(mF %)emq:ka (E:I:,k:)mn = i2L5m,n:Fk(n + %) (204)

This is exactly the normalisation of the symbols £(l) in (185), so that the bridge to the
second-quantised generators is Ly j, = %dFS(Eik) throughout, consistently with (187), (190)
and (223). Since {41 and {4 _y, have Hilbert-Schmidt off-diagonal parts supported on the
finite strip {n : £n > 0, F(n F k) > 0}, the Schwinger cocycle (27) is the finite sum
cpr (U la i) = ()2, (nF %)2 = (£)25Lk((2k)? — 1), which together with the pref-
actor (%)2 in (190) reproduces ¢ = 1 (respectively ¢ = % in the Majorana case) for every
L > 0. We emphasise this because the two normalisations differ by a factor % and agree

only for L = .

We note that (202) implies that ¢4 j is closable. In view of this definition, we use the
following notation for the one-particle KS approximants (163),
Eg[le = £l cos(iez]\/k)2 sin(en(l F %))el:Fk ® €y, (205)
leln,+

and for the real and imaginary parts,
N N N N N N
o =)+ 7)), Gl = 5 - 7). (206)
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as these evidently satisfy:
N)x N
(P =00 (207)

The following bounds for all j € Ny are straightforward:

162 eml|2 < 2L i , "0 (208)
+kEmlloo = 2 <w> )
MY Tl ) B70
H ; H2 _ 2L<1)2j |2m’2j , k=0
Ty kEmlloo = 245 27\ 11127 (F(I%Hlﬂ')) )

with an analogous bound for HbikemHgo Here, I'(z + 1) = 2I'(x) denotes the Gamma
function. These bounds are summable with an explicit radius which, for & # 0, does not
depend on m. Indeed, with a := || + % one has FF((CL;)?!) = (“J“g_l), so that the binomial
series gives

> Gleb el < VIEY (“TIT ) ey = VEL@ -0, k<1 (209
j=0 Jj=0

oL 4 ‘
and the identical bound holds for 74 ; and vy, because (%)3 (2;)2 < 1 by (2]3) < 4,
Each plane wave e, is therefore an analytic vector for ¢4 , 7+ and ¢4 j, with radius of
convergence

t < ﬁ for gﬂ;k‘vrﬂ:,k‘v Ltk t < ﬁ for %Z:I:,ka %’I“j;k, %L:I:,kv (210)
the second being the normalisation of Remark 4.4 in which the one-particle operators enter
the second-quantized Virasoro generators. What matters below is that this radius is uniform
in m. For k = 0 the first line of (208) yields only the m-dependent radius IT}lI; this is
immaterial, since £ is diagonal in {em}mer., . and hence self-adjoint on h'(Too+) to
begin with. By Nelson’s analytic vector theorem [71, 75] we have:

Corollary 4.5. The plane waves {€m mer., . C Dsta are a total set of analytic vectors for
Uy, v+ and 14 . Moreover, r+ 1 and vy ) are essentially self-adjoint on Dgq.

Because of these observations, we do not distinguish between the (4 i, r4 x, ¢+ and
their closures in what follows.

Remark 4.6 (Majorana one-particle Virasoro generators). In the Majorana case the one-
particle Virasoro generators need to satisfy the implementability condition (19) which is met
by the one-particle KS approzimants (205) and the one-particle Virasoro generators (201):

C’Eg,g*c = _Kglz, ClLC=—Llyy . (211)

We are now in a position to establish the convergence of the one-particle KS approxi-
mants to the one-particle Virasoro generators in the sense of Definition 3.1 using the asymp-
totic maps RY : (T 4, (2Ly)71) = flﬁi — h(()jo:)i >~ [2(S} )4, either from the wavelet
or the momentum-cutoff renormalization group. In particular, we show the convergence of
(186) in the strong operator topology on a dense, common core D C hg}i, ie.:

li

Jim |
—00

(@) — L)€l =0, (212)
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for all £ € D. A similar state holds for the real and imaginary parts (203) & (206).

For the momentum-cutoff renormalization group, we use D = Dgq because:
_1
Rjovo(ek) = €N2 €k, ke FN,:I: s (213)

where ¢, € hg\fl on the left but e € []gf)i on the right, i.e. UNENO Révo(hg\jfi) = Dgiq.

For the wavelet renormalization group, we use D = Dy defined as:

Dy = |J RYOSL), (214)
NeNg

which agrees with the span of the wavelet basis associated with the scaling function s(€0) e
L%(S1)+ by construction [21]. That Dy is dense common core for the one-particle Virasoro
generators and their real and imaginary parts is due to the following argument:

We observe that the graph norms of /4 j, 7+ ;, and ¢4 ;, are bounded by the norm of the
first-order Sobolev space h!(Too +):

€117, ,, = 1€01% + 1exk€)1% < Crrli€lf e .y,

for a constant Cy, j, depending only on k and L, and similarly for ||, , and |||, ,. Now
Dqiq is dense in Al (F'so,+), and so is Dy provided s is 1-reqular in the sense of Definition
3.12,i.e. s € HY(R) [51]. We stress that this hypothesis is not automatic: by Remark 3.13
the Daubechies function »s is exactly borderline (o2 = 1), so that Dy ¢ D(f4 ) in that
case and K > 3 is required. It follows that the graph-norm closures of Dgq and Dy agree,
and we conclude that Dy is a core for ¢4 i, 74 1 and ¢4 5 [74].

Wavelet renormalization. In this paragraph R}, and RY as well as o} and o) denote
the wavelet renormalization group of Definition 3.2.
We formulate the essential convergence statement (212) as a lemma:

Lemma 4.7 (Convergence of the one-particle KS approximants). Let £ € Dy and let
s = ks be a compactly supported orthonormal Daubechies scaling function which is 1-
regular in the sense of Definition 3.12, i.e. o > 1 (equivalently: K — K; > % for some j;
by Remark 3.13 this holds for K > 3). Then:

. (N

lim ([(7) — £e4)€]o0 =0,

N—o0

where g(ing = R]OVOE(ing RY *, and similarly:

oo 7

: ~(N) . . (N) B
A NGy = )€l =0, dim ([0 = )€l = 0.

Proof. We only spell out the proof for gile and /4 ;. We first observe that:

BN (R () = IR RN(RN (€)= RL(ED) RN (©)),
for N > M and ¢ € by because (RY)*RY = 1j,. Now, the Cauchy-Schwarz inequality
implies:
IRL(ECURN () — e n(REE)IE
<NelRyge Do wn D em REELLRN (00))oo = (ems o s(RY (€))oc [*

mEl o, + el + N —
= Iif\:ft) (M,m,l) '_fk,:t(Mvmvl)
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Next, we derive explicit expression for flgj\i)(M ,m,l) and fi +(M,m,l) to use the dominated

convergence theorem with respect to £2(I' 4+, (2L)~1) to deduce the convergence of the limit
N — oo:

) (M, 1) = cos(henk)? sin(en (n F §)){em, B (enst))oolen R (),
neFN,i
fk,:t(Mymvl) = % (n:F %) <€m7€n:|:k>oo<€naRg(€l)>oo
——————
n€Els + —9L§
m,nFk

Explicitly evaluating the inner product as in (139), this leads to:

1
FO m, 1) = £Le? cos(Lenk)25(enm) Y 2L sin(en (1 F )00, L (e (nrh)) mod 2Ly
’HGFN;‘:

N-M
X 2LM50,£(717Z) mod 2L s H mO(EMJan)
j=1
_f1.3
=2Lc2 cos(denk)?s(enm) Z 2Ly sin(en(n F %)), 1 0, (m—(nFk)) mod 2Ly
nEFooi

x 2LM50,£(n71) mod 2Ly XT N (n) Hm0(5M+j”)

in (m*3))
jEl2LMe5Mcos( ENk) (aNm)ZS(ENi(S L (i ik+2—"n 1) mod 2L

eN
nel
N—-—M
sxry(mak+22n) [ [mo(ears s (mtk+2n)),
j=1

1
fk,:I:(M7 m, l) = %QLME;WS({_:M(mik))(mi %)6O,£(mﬁ:k—l) mod 2L’

where xr, is the indicator function of the sublattice I'y+ C I'x +, and we evaluated the
sum over n € ' + using 4§, L (m—(nFk))mod 2Ly form the second to third line. Finally, we

use the periodicity, mo(earj(m + —n)) = mo(epm4;m) for all m € T'g 4, n € Z and
j=1,...,N— M, and:

60,%(m:tk+f—;n—l) mod 2Ly 50,£(m:tk—l)+2N*MLMn mod 2Ly 60,%(m:l:k:—l) mod 2L °

Thus, we arrive at:

N in mtk
flg,:t)(Mamv ) :HQLMgM COS( ENk) (gNm)ZS (ENs(N 2DéO,%(m:l:lc—l) mod 2L s
neZ
N-M
2
x xry(mEk+25n) [ [mo(enj(m+k)
j=1
in(ey (m:+4) e
simie mIz5
jElQLMf-:Mcos( enk)?s(enm )#50’%@&,6_1) mod 2L, Hm0(5M+j(m:|:k)),
j=1

because ), Xry(mEk+ g—gn) =1 for any fixed m £ k € I's +. We stress that this finite
product must not be rewritten as the quotient s(epr(m %+ k))/S(en(m £ k)) suggested by
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(102): orthonormality of s forces Y, ., |3(l + 27n)|* = 1 and hence §(2wn) = 0 for every
n # 0, so that in the Ramond sector the denominator vanishes identically at the admissible
momenta m £ k = 2”—" € I'o +, n # 0, while the numerator does not. Next, we write:

(M, 1) = El2Lyed, £ (M, m)s

fk,i( ;m,l) = F2Lyeg, fr," (M, m) 0, L (m+k—1) mod 2Ly
1

fk,:t(M’mv l) = %2LM€]2\4fik(M, m)éo,%(mikfl) mod 2L °

where we defined:

f;gN)(M, m) := §(eym) COS(%E]\//@)QSm(el\fier Hmo em+j(m+k)),
j=1
fo(M,m) := §(epr(m + k) (m+5).

This allows us to conclude that we have pointwise convergence (in m € I' +):
. N
lim f,g )(M, m) = fr(M,m),
N—o0
for arbitrary M < N and k € TZ, and, thus, also pointwise (in m € I'y):

lim fki (M, m,l) = fr+(M,m,1),

N—o00

for arbitrary [ € I'ps 4. It remains to show that limy_,0 féﬁ)(M, L) = fea(M, 1) in
?(Too +, (2L)71), which follows from the dominated convergence theorem once a majorant
g (M, .) € (*(Too s, (20)71) with ]flgN)(M, m)| < gx(M,m) for all N > M is provided.
This is exactly the content of Corollary 3.15: for N > Ny(k), i.e. enlk| < 5,

A (M m)| < [3(enm)| Pyoar(enr(m + k) Im + 5] < gr(M,m), (215)

with gx(M, .) as in (120), which lies in £*(T'oo 4, (2L)~1) because s is 1-regular. The finitely
many scales M < N < Ny(k) are irrelevant for the limit.

Let us emphasise where the difficulty in (215) lies, since it is easy to overlook. Rewriting
the finite product as §(epr(m+k))/$(en(m~+k)) and bounding the quotient is not an option,
for the reason given above. Bounding Py_js by (111) alone is not an option either, because
that estimate is available only on the fundamental domain |eys(m + k)| < 2¥=Mx ie. only
for momenta in the N-th Brillouin zone, while m ranges over all of I' +; outside, Py_js
merely repeats periodically and does not decay. What makes (215) true is that the two
factors decay in an interlocked fashion: Ppy_js is of order one outside the Brillouin zone
only near the multiples of 2V ~™*17 and precisely there 5(eym) is close to a zero of order
K of 5. This is what Lemma 3.14 makes quantitative.

Extension to the full domain. The convergence in fact holds on all of h'(I'w 1), not

merely on Dy, because the operators involved are uniformly bounded from h' to hg )
Indeed, by (141) and the Cauchy-Schwarz inequality,

(R )*¢( —sN’Z Enh)é ‘ < 'S IER) (216)

kel k~l
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and |l| < |k| for every k in the aliasing class of | € I'y .+, whence ||(R£)*€||hu(1"NYi) <
[€]|ho (Do 1) for every o > 0. Together with cos(senk)?sin(en(IF5))/en| < |l F %] and the
isometry of RY this gives

(N
185%€l o0 < Croplléln a1 14 1€ llc0 < Cr.LliélIn (v 1) (217)

with C}, r, independent of N. Since Dy is hl-dense (see the discussion preceding this para-
graph) and h'(Ts ) = D(f+ ), an S-argument extends the convergence from Dy to the
whole domain of /4 ;. Il

Remark 4.8 (Sharp rate in the Sobolev scale). Estimate (217) cannot be improved to

norm convergence at o = 1: the operators E( ) — {1, do not converge to 0 in B(ht, bc(i)i)
Taking for & the plane wave e, with n € Foo 4+ closest to %, one has eyn = ™+ O(en)
and therefore |04 kenlloo = |n F §| lenlloe ~ Z-llenlloo, whereas the symbol of gilz satisfies
[sin(en(n F §))|/en = [sin(m + O(SN))!/ffN = 0(1), so that [I)enllse = Olllenlloc) by
(216), and hence

1250 = Lkl s o = enr e, 5> 0. (218)

This is the Brillouin-zone edge, i.e. the same mechanism that the prefactor ﬁhin(%s]\/k‘)rl
of Definition 4.1 was designed to control. Conversely, for 0 <1+ 6§ < ox one has

H /! k) giyk"hlﬁ-&*)ho < Ck,L75 gﬁin{‘;yl}’

(219)
which follows from the splitting gi]t[lg—ﬂi’k RN [E( ) (RN)*EﬂE kRN} (RY )"+ [PNEi,kPN—
Etk], Py := RY(RY)* being the orthogonal projection onto the multiresolution space
im RY : the second bracket is O(gd;) by the Jackson estimate ||(1 — Py)||pi4s_p < Ceiy
together with the h'*°-stability of Py [21], while the first bracket is a Fourier multiplier
on 'yt whose symbol deviates from £(1F %) by O(en(|l| + |k|)?), the leading contribution
being once more the centre-of-mass phase (266). Consequently the exponents in (218) and
(219) match for 0 < 6 < 1, and under the re-centred comparison of Remark 3.5 the upper
exponent improves to min{d,2}. Numerically (with L = w, k = 2, 48) the operator norm
is 1.365,1.824,1.107,1.036,1.035 for N = 3,...,7 at 6 = 0, confirming that no conver-
gence takes place there, while the measured rates after re-centring are 1.00, 1.50 and 2.00 at
0 =1, ;’, g, i.e. exzactly min{o,2}; the constant in (217) is Cy 1 =1 for L = w, approached
from below.

The lemma implies the convergence of the KS approximants in the standard Fock space
representation (¢ = 0).

Theorem 4.9 (Covergence of the KS approximants). Let s be a compactly supported or-
thonormal Daubechies scaling function which is 1-reqular in the sense of Definition 3.12.

(N)

The KS approximants, Ly ., converge strongly to the continuum Virasoro generators, L4 ,

on the dense, common core &?g( w) C Sa(f) ) spanned by anti-symmetric Fock vectors
with finitely many one-particle excitations in DW (finite Dy -particle number), i.e.:

Jim ([ (@2 (L)) — Lagal (@) . af (&)l =0, (220)
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for all n € Ny and &1,...,&, € Dw. In fact the convergence holds for all &1,...,&, €
h'(Toox) = D(lx k), and for 0 <1+ 8 < o with the rate

@M (LD — L)@ < Lk ps ™M lar((-) )@

|, (m):=1+Lm|, (221)

for all ® in the domain of the second quantization dT'({-)'*°) of the Sobolev weight. In
particular (220) holds on all of D(dT({-))), a domain which, unlike F2%(Dy), does not
depend on the choice of scaling function.

Proof. We have by the definition of second quantization:
dFy(0)a’ (&) ... al(6)Q = al(&) ... al(0&) ... al (&),
k=1

for any one-particle operator o on D, C hg)i such that &1, ...,&, € D,. Thus, because of
(21), we know that (220) is implied by (212). For the extension to h!(I's +) and for (221)
we combine (21) with (219): for orthonormal &1, ..., &,,

[(@X(L)) — Lig)al(€) . al ()] < £ 37O — tenéll TT Il
p=1 q#p

n
in{4,1
< L paeN™ O S 6pllnies [T galloos
p=1 q#p

and the last sum is precisely ||dL'({-)*®)af(&1) ... af(&,)Q0] up to the normalisation of the
&p. The general case follows by linearity and density, using Zp<mp>1+5 < (2p<mp))1+5,
ie. dD({-)H0) < (dT'((-)))'*? for § > 0. O

The lemma also implies the convergence of the unitary Bogoliubov transformations as-
sociated with the KS approximants to those of the Virasoro generators (a more general
statement for smeared KS approximant and Virasoro generators is stated below). Let us
note that a quasi-free representation mg admits an implementation of the Virasoro gener-
ators Ly j by normal-ordered second quantization (22) provided the one-particle operators
04 1, satisfy the off-diagonal Hilbert-Schmidt bounds (25), for example, the representations
7+ of the scaling limit states (189) & (192). Thus, for admissible quasi-free representations,
we have:

5 = Ad 0 o0, (7@l () = ms(al ("7546)), (222)

eitdFS(T:t,k
ot = Ad uarstry o (s (al (€)) = ms(a¥ ("€,

itdFg (Ti,k)

where the unitary e is well-defined by essential self-adjointness of dFs(r4 1) (see

below Theorem 4.16), and similarly for ZgEle and ¢4 j, by Corollary 4.5. By construction the
relation with the KS approximants is:
(N N N
Laps(B)) = ns(al (EdR(6))) : = - ms(al (L)) - (223)
The analogous statements hold in the Majorana setting, for example, for the scaling limit
representations (199) & (200).

56



Corollary 4.10 (Convergence of KS Bogoliubov transformations). Let s € C*(R) be a
sufficiently reqular, compactly supported orthonormal Daubechies scaling function. In any
admissible quasi-free representation mg, we have:

li

im
N—oo

160 (ms(A)) — 04(x5(A))]| = 0, VA e,

0,
and uniformly on compact intervals in t € R.

Proof. It is sufficient to prove the statement for a = aT(f) with £ € b((i)i, because the

multinomials A = af(&1)...aT(&)a(&ns1) - - . a(€npm) form a norm total set in ngj)i and we
have:

~ (N ~(N ~(N
15N (AB) — 04 (AB)| < [16(A) — o (A B + |ANI6N (B) — (B,
for all A,B € TrS(ngf)i) Now, let 0 = 74 i, 14 1 and o) = TE_LNIQ,ZiNk)
(222), we have:

16t (rs(a'(6))) = au(ms(af (€)= Ims(at(e™€)) = ms(al (™))

. ~(N) .
< (e = )] loo-

Then, because of

Now, limy 00 H(eita(m — €")¢|lso = 0 uniformly on compact intervals in ¢t € R because
lmpy o0 [[(60Y) — 0)€]|oe = 0 for all € € Dy by Lemma 4.7 which entails strong resolvent

convergence [74]. O

Remark 4.11. For multinomials A = a(¢1) ... a"(&)a(€ns1) - - a(Enem) we have the esti-
mate:

(V) - pu (€10 — €)oo
16 (rs(A)) — ae(ms(ANI < | T] &l | S . (224)
k=1

- el

The convergence in Corollary 4.10 is not quantitative, because the passage from o) o
to €™ s i was made via strong resolvent convergence. Since (219) is a bound in
the Sobolev scale, Duhamel’s formula converts it into an explicit rate, provided the flow
generated by o does not destroy Sobolev regularity too quickly. This is the content of the
following lemma, which is the one-particle counterpart of Lemma 4.19 below and applies
verbatim to all the approximating sequences of this section.

Lemma 4.12 (One-particle energy growth and Duhamel). Let k € T'c+ and let o =
T4k, btk De as in (203). Then:

(i) for every o >0 there is c, 1, > 0, with cp0 = 0 and c,, < Cp olk|(k)7+2, such that the
unitary group generated by o increases the Sobolev norms at most exponentially,

||ei7'o€||h0 < eCU,k|T|||£||ho” 5 S hg(roo,i)a TE R; (225)

(ii) consequently, if o > 1 and {6(N)}N€NO is a sequence of self-adjoint operators with
16 — of| o _ypo < 5w, then

o . Cokltl_
(7™ = e)e] < e Aot lEllnes Ag(®) i= <=t (= [t for k= 0),
(226)

for all{ € h?(I'g +) and all t € R.
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Proof. (i) By (201) the operator ¢4 j is a weighted shift on the dual momentum lattice,
with matrix elements ({4 )mn X O pnri(n F g) as in (233), and h?(I' +) is the weighted
(%-space with weight (-)?. For p € (0,1] put w,(l) := (I)°(1 + p(I))™° and let W, be the
associated (bounded, diagonal) multiplication operator; note w, < (-)? and w, 1 (-)? as
p L 0. Then [W,, ¢y k] is again a shift by Fk, with weight (w,(l F k) —w,(1))(I ¥ %) at site
I. Writing w, = ug with u, := (-)(1+p(-)) ™" we have [u)|uy® = [(-)/|(-) (1 +p(-))"! <
(-)7', and hence |w)| < o w,(-)~!. Moreover u,(I') u,(I)~" < max{1, (I')(I)~'} < (k) and
(1) < (k)(I"y whenever |l —'| < |k|, uniformly in p, by Peetre’s inequality. The mean value
theorem therefore gives |w, (I F k) — w,(1)| < o|k|(k)7+ w,(1)(1) =L, while |l F &| < (k)(1), so
that

1[Wp, 0lélloe < coklIWp€lloos cok < Cpolk| (k)72 (227)

uniformly in p € (0,1], for 0 = 74 g, a0 by (203). Now let £ € 7T, set & = ™€ and
fo(1) = W, ]|%. Since D(0) = h!(T'w+) is invariant under both €7 and the diagonal
operator W,, and since 7 — &, is differentiable in bgi)ia the function f, is differentiable
with

fo(1) = 2R(Wp&r, Wyio &r) oo = 2R(Wpéir, i[ W), 0J7) oo,

because (W&, 0 Wyér)ao is real by symmetry of o. Hence |f/’)| < 2¢y1fp by (227), and
Gronwall’s inequality yields f,(7) < eXxI7lf,(0) < eZCf’v’vWH{H%m uniformly in p. Letting
p 1 0 gives (225) for ¢ € ht! by monotone convergence, and then for all ¢ € h° by density
of ot in h? together with Fatou’s lemma. If k = 0, then £y is diagonal, so (W,,0] =0
and ¢, 0 = 0.

(ii) By (217) we have h® C h' C D(0) N D(6\N)) for o > 1, and h? is invariant under
e’ by (i). Hence Duhamel’s formula

t
ez’té(N) _ pito — z/ ei(t—r)a(N)(a(N) . O)eiTo dr
0

holds strongly on h. Estimating the integrand by sn||e7%|[pe < seneer|Tl||€]|}0 and
integrating gives (226). O
Inserting (219) into (226) with ¢ = 1 4 0, and the result into (224), makes Corollary

4.10 quantitative: for 0 < 14+ 6 < o and A = af(&1)...al(&)a(éns1) ... a(&nim) With
617 .. 7§n+m € h1+6(P007:|:)7

N i n—+m n—+m el
15 (ms (4)) = au(ms(ADI] < Croro e sn®) ( TT lllo) 3o Ses,  (228)
=1 q=1

with Ai4s as in (226). In particular the error is linear in ¢ for £ = 0, and the only ¢-
dependence for k # 0 is the exponential A5 (t), which reflects the exponential growth of
the Sobolev norms along the flow of a Virasoro generator and is unavoidable in this scale.

Remark 4.13 (Smeared generators). Lemma 4.12 extends to the smeared generators {1 (Y') =
% D kela N Y ly o of (149) without change: summing the shift weights of (227) over k with

the coefficients Y, gives (225) and (226) with

coy <Cpo Z |Vie| K| () +2 (229)
k€T oo+
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in place of cpp. For Y = SM(X) with X € ((Ayr,C) the coefficients are Yy, = §(5Mk?)Xper\k
with Xper periodic, hence bounded, so (229) is finite as soon as p > o + 4 by (113), with
p the pointwise decay exponent of Remark 3.13. Together with (248) this makes Corollary
4.81 quantitative, with A\ 5 gm(xy in place of Mgk in (228). We stress that K enters here
only through the summability of (229), that is, through the constant in front of the rate and
not through the rate itself. The exponent o + 2 in (229) comes from the crude comparison
of w, at neighbouring sites in the proof of Lemma 4.12 and is not optimal — a more careful
estimate of the shift weights gives (k) in its place — so the condition on K stated here is
sufficient but far from sharp.

Corollary 4.14 (Convergence of KS Bogoliubov derivations). With the same assumptions
and notation as in Corollary 4.10, we have the convergence of the quasi-free derivations,

&0t (7s(al€)))

%n:oat(ﬂs(a(g)))

il:dFs(6™):, a(€)] = a(is™¢),
i[:dFs(0):, a(€)] = a(io),

for A € Q[gi)i in the algebraic span of al(€),a(&) with &€ € Dy,. Moreover, we have:

n+m n+m 5(]\]) 0 -
I[:dFs(3):, A] - [:dFs(o):, ]| < (H ||a||oo> y- M = )] (230)

11 2
for A=a'(&)...a'(&)aléni1) .. al&nim).

Momentum-cutoff renormalization. The convergence results for the wavelet renormal-
ization group lead to the convergence of the KS approximants to the Virasoro generators
in the standard Fock representation (¢ = 0). Clearly, we would like to achieve a similar
statement for non-vanishing central charge (¢ # 0). Specifically, we would like to deduce
the convergence of the KS approximants in the representations 71 of the scaling limit states
(189) & (192) as well as (199) & (200). Such a result is achieved by using the momentum-
cutoff renormalization group of Definition 3.16. Although, we initially lose the compatibility
with the quasi-local structure (see Proposition 3.7) in this way, we explain in the next para-
graph of this subsection how to remedy this issue by combining the wavelet renormalization
group with the momentum-cutoff renormalization group for smeared KS approximants and
Virasoro generators.
Moreover, it is necessary to slightly modify the KS approximants (205),

(M) = E ST cos(lenk)sin(en (L F 5))xry (L F Ker @@ (231)
lely +

where the additional factor xr, has been introduced to avoid spurious contributions due to
the periodic boundary conditions for one-particle functions on the dual momentum-space
lattice I'y. As the scale N can be chosen large compared to intrinsic scale of any fixed
k €'y, ie., N> M, this modification does not affect the asymptotic properties of K,(gNi)
A direct computation shows that the modified KS approximants still satisfy the adjointness
relations (207) and implementability conditions (211)'6. We note that the modification of
the KS approximants at the one-particle level can also be translated into modification of

the formula of the KS approximants in Definition 4.1.

'6In the Ramond sector some additional care is necessary, i.e., xr ~ Deeds to be defined as x(— = = ynry
EN'EN
to ensure is invariance under reflections about 0.
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N

Denoting by RN and RY as well as « 2 and o the momentum-cutoff renormalization

)

group throughout this paragraph, the one-particle operators E( J4+ Are now given by:

~ sin(en (I _
=2 cos(Len k)2 NIy (1% ez @7 (232)

lel'n +

To prove the analogue of Theorem 4.9 for 71 (with ¢ = 1, %), we need to compare the matrix

elements of [Zile with those of /4 j:

(N in n
(D) = £2L6 3 i cos(Le k)?% X (o) X () (233)
(gi,k)mn:iQLdm,nq:k(nqzi)-

If we have an approximating sequence {O(N )} NeN, of o on the one-particle space bgi,

the convergence of their normal-ordered second quantizations can be analyzed using the
following estimate because of (16) & (25):

5 . 6(N) — RM o) — t _RM oo
1dFs(6™) —0)al(RM (n1)...a (R (1) Q|| S(kz:{ll(o 0)++ (nk)”an”H]\({O o) (i)l }
=1

+(n+2)]| (") —0) 4 [la+nl| (6™ —0)7+H2)
< T T il au- (234)
=1

For 6V) = Eg[ng and o = {4 i, we find (N > M):

(N
(™)~ ) 20) ORY ()12, (235)
Sin n 2
<2, S Xra (W)OCEFR))O(En) cos(Len k) TEXFRD o~ (]
n€l oo, +

(N
1Y — )53

smie n 2
< 37 O(mFR)OEN)| cos(Genk) LT e (1)~ (05 )|
nGl"ooi

The sums in these estimates are finite (for fixed M) which entails convergence for N — oo.
It is evident from (235), that we have the analogue of Lemma 4.7:

Lemma 4.15. Let £ € Dgq. Then:
: 7(N) _ ; 7(N) _ : 7(N) _
Jim )t )Elo =0, Jim (0o )xsElo =0, Jim [Pt p)esle =0,

where E( ,2 = RNK(N)RN * and similarly:

((N)_

. . . ~(N
lim (|7 —ren)élloe = 0, tim P8 —rep)ezlloo =0, lim [P —rep)sxlle =0,

A

=+,
lim () - =0
im |7 k)8 ]le0 =0,

~«(N) _ _ : ~(N) _ _
NS (L;I: it k)ii§||oo 0, ]\}gnoo H(Lik Lﬁ:,k)i:F”oo 0.

lim ||
N—00
Moreover, all three statements hold for every & € h'(Tog +) = D({x ), and with the sharp

rate

I~ ol < R0, - el < VS @0)

for every 6 > 0, with Cy, the explicit finite sum in (235).
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Proof. All assertions are immediate from (233), because for the momentum-cutoff renor-

malization group g(ile — {4 1, is the Fourier multiplier with shift

sin nTk
d,gN)(n) = i(cos(%eNk)QerN(n:Fk)er (n) —(nF %)),

so that |]£7(iN,2 — U g llp+5_po = sup, ]dlgN) (n)|(n)~0+9) exactly. Inside the Brillouin zone

2 (k)2
Y (n)] = [nF & [cos(Lenk)? sine(en (nF ) 1] < [nF 5| (225 + E¥) which gives
g% for |n| = O(1) and €% at the zone boundary |n| ~ 75 outside it dLN) (n) =F(n¥5)

and the quotient is O(|n|~%) < O(g%). The lower bound of the same order is the zone-
boundary vector of Remark 4.8. The Hilbert-Schmidt estimate is (235), whose index set
{n:4+n >0, F(n F k) > 0} is finite and contained in |n| < |k|, so that the same Taylor
bound applies termwise. Finally Hgglem_mo < sup, [n F £|(n)~! < Cy 1, uniformly in N,
and Dgyq is h'-dense, which gives the extension to h' as in the proof of Lemma 4.7. O

We stress two points of contrast with the wavelet case. No regularity of the scaling function
is assumed — indeed no scaling function occurs in (233) at all — and the exponent in
(236) is min{d, 2} rather than min{d, 1}, because the momentum cutoff carries no centre-
of-mass defect, cf. Remark 3.5. Numerically, for L = m and k = 2 the measured rates of
Hging — Ll ||p1+s_p0 are 0.00,0.50,1.00,2.00,2.00 at 6 = 0, %, 1,2, 3, the value at § = 0 being
exactly 1 for every IN; the Hilbert-Schmidt norms decay at rate 2.00 for k = 2,4, 8.
Because of Remark 4.6, similar estimates as (234) and (235) also hold for d@Qg in Majo-

rana setting. Applying the lemma, we have:

Theorem 4.16 (Covergence of the KS approximants for 7). The KS approzimants, Lg:le,

converge strongly to the continuum Virasoro generators, L4 i, on the dense, common core

g:lg(pstd) - Sa(h(o:ot)i) spanned by anti-symmetric Fock vectors with finitely many one-
particle excitations in Dgq (finite Dgrq-particle number):

lim (e (@ (LSY)): —Law)al(€r) ... al (€)% = 0, (237)

N—oo

for alln € Ng and &1, . ..,&, € Dga. Moreover, for every § > 0 the convergence holds on all
of D(dT'({.)'*9)) with the rate

|Gra@XLEN): ~Lop)@|l < £(Crpseh™ P [ar(() )0 + /Cr | (N + 2)])).

(238)
Proof. By (223), :Wi(a]ovo(LiNk))) =Ly = %dFi(lZS_Lle — 01 1), so it suffices to insert
o) = Eile and o = {4 j, into (234). The two diagonal terms on the right-hand side of (234)

tend to 0 by the second assertion of Lemma 4.15, and the two Hilbert-Schmidt terms by
its third assertion; this gives (237). For (238) one inserts (236) into (234) instead, bounds
>p Impllpi+s Tz Imgll by [[dD((- V49 ®|| and (n + 2) by N + 2 exactly as in the proof of

Theorem 4.9, and extends from Szlg(Dstd) by linearity and density. O
Before turning to the associated unitary groups we record an energy bound which is
uniform in the scale and which will be used repeatedly; for the smeared approximants it

is extended in Proposition 6.6 below. Recall the one-particle Sobolev weight A := (. ),
(m) =1+ £m|, of (221).
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Lemma 4.17 (Uniform energy bound at fixed k). Let G be any of Zile, L4 1. and their real
and imaginary parts (203), (206). Then

la-taat] < omd, Gl G—slly € <0 (239
with C' and 7y independent of N, and consequently
|£dFL(G)¥|| < Cil|(L+Ls )Y, +LdFL (RG) < C(1+L4y), (240)

for all ¥ € D(L4y ) and all N, and likewise for S G. No regularity of the scaling function
is required.

Proof. By (233) the matrix elements of gile and of /4 ;, are supported on m = n F k and
bounded in modulus by |n F %|, so that

k
|A2GA~2|| < sup —"T2l < ks -
RETos (nFR)E (n)

the quotient tends to 1 as |n| — oo, vanishes at n = £%, and is largest — of order |k:]% —
near n = 0 and n = *xk, as follows from |n ¥ £| < 2(|n| + |[n F k|) and |n| < |n F k| + |k|.
The second estimate in (239) holds because ||(¢+x)++|3 is the finite sum in (235), the index
set {n: £n >0, F(n F k) > 0} being contained in |n| < |k|, while ||(!7£_LN,2)i3F||2 converges
to it by Lemma 4.15, hence is bounded uniformly in N. The passage to real and imaginary
parts is immediate from (% ; = {4 _; and HA_%G*A_%H = HA_%GA_%H.

For (240) we split dFy.(G) as in (22). Since A commutes with the conjugation J and
compressions preserve the operator order, the first estimate in (239) gives £(R G)44 <
C <k>%A and likewise for (.)._, whence by monotonicity of dI"

——

I (a'Gita— aTGt__a)\I/H < 4C(k>% |dr(A)w

Y

and separately £(R G);4+ < C <k>%A yields the stated form bound. The pair terms are
controlled by (25), ||(a'Gy_al +aG_1a)¥| < 29;||(N +2)¥| with N the number operator.
Finally the representations m+ have positive energy: by (190) respectively (193), Ly =
%dFi(Eto) is the second quantization of |m| relative to the particle/hole decomposition
determined by S, so that dI'(A) = N + L4 . In the Neveu-Schwarz sector |m| > 7+ on
I'e,—, whence N < 2L4 o and dI'(A) < 3L+ ; in the Ramond sector the zero mode spans
a two-dimensional subspace of the doubled one-particle space (191) and can be occupied
at most twice by the Pauli principle, so that N < 2 14+L4 g and dI'(A) < 2 1+2L4 .
Collecting the three estimates gives (240). O

For the passage to the associated unitary groups one needs the real and imaginary parts
of Ly j, to be essentially self-adjoint on Silg (Dsta)- Corollary 4.5 provides this at the one-
particle level, but in 74 the pair terms a'G4_al, aG_,a of (22) raise the particle number,
and iterating (25) together with (208) produces a factor (j!)? after j steps, so that the
plane-wave Fock vectors cannot be shown to be analytic vectors in this way. We therefore
replace Nelson’s analytic vector theorem by his commutator theorem [75, Theorem X.37],
which is available because of Lemma 4.17.

Corollary 4.18 (Essential self-adjointness in m1). Let T' be the closure of ZdFy(ryy) or
of %dFi(Li’k), and put N :=1+Ly . Then T is essentially self-adjoint on every core for
N, in particular on 2% (Dyq) and on D(L+)).
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Proof. N is self-adjoint with A/ > 1, since the representations 74 have positive energy,
and S;lg(DStd) is a core for N because Ly  is diagonal in the plane-wave occupation basis.
Condition (i) of [75, Theorem X.37|, || T®| < c¢[|N®|, is the first estimate of (240). For

condition (ii) we use the Virasoro relation (190), [L+ o, L+ %] = —%k‘ L 1, which gives
, Lar, ryr)l = —ilk. LR, t+x) and the analogous identity with r and ¢ interchanged.
s ) ™ i k]
Hence

(T®,N®) — (N, T®)| = |(®, [N, T|®)| < L|k||(®, T'®)| < 3cL|k||[N20]

where T” is the partner operator and the last step is the form bound £7" < Cy(1 +L4 o) =
Cy N supplied by the second estimate of (240). O

Corollary 4.18 together with Theorem 4.16 implies strong resolvent convergence of the KS

approximants and, therefore [74], the convergence of the associated unitary groups. That
argument is however not quantitative. Since the energy bound of Lemma 4.17 is at our
disposal, we can instead obtain the convergence of the unitary groups — and with it of
all the Bogoliubov transformations of this section — with an explicit rate and an explicit
dependence on t, valid for all ¢ € R rather than only for small ¢ as in (272). The mechanism
is Duhamel’s formula combined with the fact that the energy grows at most exponentially
along the flow.

Lemma 4.19 (Energy growth and Duhamel). Let T', Ty be the closures of %dFi(o) and

%dFi(é(N)) foro=ryp, 1ty and o) = f(ing, Z(ile, let N:=1+Lyo and let p € N. Then:

(i) there is ¢ > 0, with co = 0, such that

[P TR < P Il AP, e DNP), T €R; (241)
(ir) if |(Tn —T)¥| < 2N ||NPE|| for all ¥ € D(NP), then

(€T — YD < sy App(t) [NPR||,  App(t) = L= (= ] for k= 0),
(242)

for all ® € D(NP) and all t € R.

Proof. (i) By the Virasoro relations (190), [L+ 0, L+ ] = —%kLiyk, so i[T, N7 is %k times
the partner operator 77 (T = (-part if T = r-part and conversely), and +7" < Cx N in the
form sense by the second estimate of (240). Hence +i[T, N] < ¢ N with ¢ := £|k|Cy, and
¢o = 0 because Lo commutes with itself. Writing ®, := ¢/"7® and f(7) := [N 2®,|? we
get |f/(T)| = (@7, i[T,NP]®,)| < perf(7), and (241) follows by Gronwall’s inequality after
replacing p by 2p. (ii) By the energy bound D(NP) C D(Ty) N D(T), and by (i) e leaves
D(NP) invariant, so Duhamel’s formula

t
TN _ itT _ ’L/ el(t—T)TN (TN o T)eZTT dr
0

holds strongly on D(NP). Estimating the integrand with the hypothesis and (241) gives
(€T — e T)®|| < sey [I P erTdr | NPD|, which is (242). O

Combining Lemma 4.19 with the rates of Theorem 4.16 — mnote that dI'({.)'*9) <
dT((. )% < CNP for p > 1+ § by Step 3 of the proof of Lemma 4.17 — we obtain
the quantitative form of the convergence of the unitary groups.
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Corollary 4.20 (Convergence of KS unitaries). Consider the unitaries,

i I

Ut(N ) _ pitdFx(6) U, = ¢itdF=(0)

(N) =

for o ik) (ilz and 0 =14 i, i+ . Then,

. N
lim (U~ U] = 0.
N—o0
for all ¢ € Sa(hgi)i) uniformly on compact intervals in t € R. Quantitatively, for every
6 > 0 and every integer p > 146,

U = )] < L(Crps ™ + /Cred) Aip(t) [|(1+La )2 (243)

for all ® € D(1+L+o)P) and all t € R, with Ay as in (242); in particular Ao ,(t) = |t|
for the chiral time evolution, so that the error grows only linearly in t there.

The same argument, with (251) in place of (238) and Proposition 6.6 in place of Lemma
4.17, gives the corresponding explicit bounds for the smeared unitaries of Corollary 4.26.
The Bogoliubov transformations of Corollaries 4.10 and 4.21 are one-particle statements by
(224) and have already been made quantitative in (228) — in the present, momentum-cutoff
case the exponent min{d, 1} there improves to min{d, 2} by (236) — and the smeared case
is Remark 4.13. For the derivations of Corollary 4.14 no t-dependence occurs at all: (230)
together with (236) gives directly

n+m n+m
[ aFs @)z, 4]~ dFs(o)s Al < Crrsei™ O (] lalle) 3 Sl 240
=1 q=1

for A = a'(&)...a(&1m). As in the previous section, Lemma 4.15 implies the following
convergence statement for the Bogoliubov transformations (222):

Corollary 4.21 (Convergence of KS Bogoliubov transformations for 71 ). In the quasi-free
representations w4, we have:

i 168 (4 (A)) — oy (2 (A))|| = 0, vAea®,,

and uniformly on compact intervals in t € R.

Remark 4.22 (Moebius group in the Neveu-Schwarz sector). We note that the Hilbert-
Schmidt norms in (235) vanish in the Neveu-Schwarz sector ((—)-boundary condition) for

k=0,£F, ie. H(ggi) — lp+)1=]13 = 0 for the approximation of the Virasoro generators
corresponding to the Moebius group. This does not immediately reduce Theorem 4.16 to
Lemma 4.7 for the wavelet renormalization group, however: the estimate (224) also involves
the diagonal blocks (6N) —0) 11 = S1(6\N) — 0)Sy applied to RM (n), i.e. the convergence is
needed on the Hardy- pm]ected vectors PT¢, and Pt does not map Dy into Dy (a non-zero

element of Vs has 5 = sMs(eM )iiper With Tiper periodic and can therefore not be supported
on positive momenta alone). What does close the argument is the following density remark,

which we shall use again below: {4 j, and g(ilz are bounded from h*(T's +) to f)of)i uniformly

in N, since their symbols are bounded by |n F §| and (RY))* is bounded on h' by Lemma
3.11; as Dy is h'-dense and P* is a Fourier multiplier preserving h', the convergence of
Lemma 4.7 extends from Dw to all of h'(Toox) 3 PTE. In the momentum-cutoff setting
this issue does not arise, because P* is diagonal in the plane-wave basis and therefore leaves
Dstq invariant — a further, and independent, reason for passing to Definition 3.16.
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Smeared KS approximants. We combine the wavelet and momentum-cutoff renormal-
ization groups to analyze the convergence of the smeared KS approximants (152) to the
smeared Virasoro generators (149). In this way, it is possible to exploit the convergence
of the KS approximants in the non-trivial quasi-free representations w4 while, at the same
time, keeping the smearing functions localized in real space at the resolution scale e/, as
they lie in im S/, the span of s(eM) and its A jy/-translates (see Definition 3.4). We emphasise
that this is weaker than the quasi-local structure of Proposition 3.7: the fermion algebra is
transported by the momentum-cutoff maps oY, which by (123) do not preserve strict lo-
calization, and the approximants entering below are the modified ones (180) carrying xr, .

whose real-space form is a convolution with the kernel xr N( + k). The technical role of the
wavelet renormalization group for loops in the proof of Lemma 4.23 below is correspondingly
not locality but the summability of the k-sum, through the decay of §(erk).

Throughout this paragraph we denote by RJ\N4 and RY as well as a]\N4 and ol the
momentum-cutoff renormalization group, while S]\]\g and SO]\CZ denote the wavelet renormal-
ization group for differential loops (see Definition 3.4).

Lemma 4.23 (Convergence of smeared one-particle KS approximants). Let s be a com-

pactly supported orthonormal Daubechies scaling function which is %—regular i the sense

of Definition 3.12, and %—Tegular for the rate (248). For M € Ny and X € I(Ap,C), we
consider,

(N oy F(N
SN = b S0 SMEY),  eSMx) =& S SM(X)lep,

k‘EF[\]nL kel +

for any N > M.Then,
Jim ([P (SN (X))~ (SE (X)) wsblloo = 0, lim (P (SN (X)) L (S CONE e = 0,
for & € Dgq, and,
dim [ (Y (X))~ (S (X)) a2 = 0.
_)
Proof. For sufficiently regular s, we know that,

gi(S(J)\g(X)): ﬁ Z §(5Mk)Xper|k€:|:,ka
kEFoo,+

is well-defined on Dyq because of (112). Now, we use,
I (SN () = £(SM () =08 (SN (X) = xry SM ()10 (xry S (X) — (M (X)),
to write:
1Y (SM (X))~ (2 (X)) 1€ oo < 1L (SM(X) = X0 SM (X)) 48|
+ 11 (e S (X)) 2 (S2 (X)) 22 o,

N (SM (X)) — £ (SM (XN Eoo < I (SN (X) = xrn S (X )E] oo

+ 1 (e S (X)) — £ (S (X))E oo
I (SM (X))~ (S (XN 2 < 185 (SM(X) = xry SM (X)) 512

+ 1 (e S (X0) — £ (SM (X)) a2

65



Now, let £ = RE (n) for 7 € hx. By the Cauchy-Schwarz inequality we have:
1627 (SN () —xey SM (X)) 22 RE ()%

N—-M

~ > (N

<l >0 s > aM( I1 mo<sM+jk>—s<eMk>>Xpeﬂk(e;,,z)ﬁRfo(enuzo
lGFK’i keFN,+ J=1

N—-M
JUEDD ( > <1+|8Mk\>”1w( I1 mo<eM+jk>—§<eMk>)fcperlk!z)

lGFKyi kEFNer 7j=1

—26 ~
» ( S (14 eark]) ﬁﬂbimg@ouz@),

kEFNy+

and,

O™ (g SM (X)) — 02 (SM (X)) 24 RE ()12,
<nlat= Y g Y enrdlenrk) Xper jplxrn (k) (9 — (0 ) £ RE (e) 1%

leTk,+  k€loo +

N 2
<l D (;L > (1+|5Mk|)26‘€M§(5Mk)Xper|k‘)

lEFK’i keFoo,+

X (21L > (1+|8Mk\)_25\|(XFN(k)(isz)—(fi,k))iino(ez)|!§o>-

k€l oo+

For sufficiently large § > 0 and « > 0, this implies the first convergence statement because of
(235), Lemma 3.9, and the polynomial boundedness of ]\gileRfo(el)]]m and ||+ 1 RE (e1) || o
in k € I'c 4+ due to (208).

The case without the restriction to the diagonal parts ( - )i+ of the block-diagonal
decomposition (24) is analogous. Similarly, we find:

N—M

~N 25 . 2 .

I ’(%(X)—XFNS%(X»iﬂ@s(;L S (k) ens | [T mo(enr s 4)—3(eak)| Xperw)
k‘GFN7+ j:].

—28 1, /7
x (ﬁZ (1+[eark]) ||<E$Y,2>ﬂ||§>,

kel N +
and,

~ 2(5 N ~ 2
12 Cur S (X)) — (S <X>>>ﬂ||%s<;L > (1+|eak]) \eMs@Mk)Xperk\)
kEFoo,+

—26 ~(N
x(ﬁZ(lﬂsMk) H(m(k)ﬂi,,z—ﬁi,wiﬂr%).

kel +

Again for sufficiently large § > 0 and a > 0, the convergence of the second statement follows
using (235), the observation that H(K(ile)ﬂHQ and ||(¢+ k)+7||2 are polynomially bounded
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inké€ls+:

5(N) sin nFk 2
1L 13 = D7 0(En—k)0(En) cos(Genk)* (T ) S g

nEFNi

1(ep)xl3 = D 0(£En—k)0(Fn)(nF§)*.

n€Elo,+

Structure of the two errors, uniform bounds and rates. It is worth isolating what the
two brackets above actually contain. Using 5 L 2N M — =3 Ll = S% and Definition 3.4, both
M
smeared operators carry the same prefactor,

N 0) ¥
SN C0) = g7 D0 w Kperk) 1), (M (X)) = i D7 0™ Kper(k) L,
keFN + k€loo +
(245)
with the loop weights w,(CN) = HjV:_lM mo(en+;k) and w,(fo) := §(eprk). The scaling relation

(102) gives them in closed form relative to one another,
w,gN) - w,(:o) = w,i )(1 — S(enk)), (246)

so that the first bracket — the smearing error — is governed by the deviation of § from 1

at the fine scale, and is of first order, |1 — $(enk)| < ||§'||ccen|k|. The second bracket —

min{4,2

the generator error — is of order € by Lemma 4.15, the fermions being renormalized

with the momentum cutoff. Since Mi,k [n1po < supy, [nF &|(n)~! < C(k) uniformly in N,
and since ]w \ < Crg(1+emlk])™ on I'y 4 by Corollary 3.10, we obtain

sup HlZgEN)(S]]{,/[(X))thﬁhO <Cxm <0 (247)
N>M

as soon as s is %—regular, and correspondingly all three statements of the lemma extend
from Dgiq to all of h! ('« +) by density, as in the proof of Lemma 4.7. Combining the two
brackets,

min{4,1}

N :
1E27 (SN (X)) = (S CO)|ss ypo < Cxanrgey Y, (248)
for every § > 0 for which s is %—regular, the exponent 1 coming from (246) alone. O

Remark 4.24 (The smearing error is a phase). The first-order term in (246) is once more
the centre-of-mass offset of Remark 3.5, and here the structure is particularly transparent.
Orthonormality gives |mo(€)|? + |mo(€ + 7)|? = 1, while mg has a zero of order K at 7;
hence |mo(€)| = 1+ O(&2K) and therefore

39 =[] Imo(277¢)| = 1+ O(£%). (249)

Jj=1

Thus 3(&) = €© (1 + O(E5)) with ¢ real and odd, p(£) = —pu(s)€ + O(€3): the entire
smearing error is a phase, and the re-centred comparison of Remark 3.5 reduces (246) from
first to third order,

1 — eMenkg(enk) = O((enk)?).
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Consequently the exponent in (248) improves to min{d, 2} under re-centring — the generator
error of Lemma 4.15 then being the only remaining source — so that the smeared wavelet
route loses nothing against the momentum-cutoff one. Numerically, |1 — §(enk)| decays at
rate 1.00 and its re-centred counterpart at rate 3.00 for 4s and gs alike, while the measured
rates of (248) for gs are 0.95 at 6 = 1 and 1.86 at § = 2 after re-centring, approaching
min{d,2}. The flatness (249) is directly visible for os, where the measured order is 4.00 =
2K ; for K > 4 it lies below machine precision.

As before, we use the preceding lemma to deduce the following result on the convergence of
the KS approximants (cf. (234)).

Theorem 4.25 (Convergence of smeared KS approximants for m1). Let s be a compactly
supported orthonormal Daubechies scaling function which is %-regular in the sense of Def-
inition 3.12 — by Remark 3.13 this holds for K > 4 — and %—regular for the rate (251),
i.e. K >7; and let X € (Ap,C) for some M € Ny. Then, the smeared KS approzimants,
Ls_LN)(S%(X)), converge strongly to the continuum Virasoro generators, L+ (SM (X)), on the

dense domain gglg(Dstd) C Sa(hg)i) spanned by anti-symmetric Fock vectors with finitely
many one-particle excitations in Dgq (finite Dgpq-particle number):

. N
I [ (0 (L (S (X)): ~La (S (X)al(er) a0l =0, (250)
for alln € Ng and &1, ... ,&, € Dgtq- Moreover, exactly as in Theorem 4.16, the convergence

holds on all of D(dT({.)'+°)) with the rate
G (e (LEV (SN (X)) ~La(SE (X2 (251)
< L(Cxarsepm O lar () )| + A8 [N+ 2)2])).
where ’yg(N) = H(g(iN)(S%(X)) — L (SM(X)s—ll2+ 1) =+ ll2 = O by the third statement of

Lemma 4.23, and where the exponent improves to min{d, 2} under the re-centred comparison
of Remark 4.24.

By the results in [16], F28(Dyyq) is a domain of essential self-adjointness of Ly (X) for

real smearing functions X € (5 (S1,R) (the representations 7+ have positive energy and
¢ > 0, see also [42]). Thus, the preceding theorem implies strong resolvent convergence of
the smeared KS approximants and, therefore [74]:

Corollary 4.26 (Convergence of smeared KS unitaries). For X € [(Ay,R), consider the
unitaries,

UM (SY (X)) = el 0 (SY D) U (X) = G20
Then,

lim ([N (X) = Uf(X))gl| = 0,

N—00
for all ¢ € Sa(hgi)i) uniformly on compact intervals in t € R.

Remark 4.27. We can lift the restriction to sequences {SA (X)}nen, with X € [(Aps, C)
(called basic sequences in [23]) by:

I (X n) 02 (X) =18 Oy — SH (X)) + 28 (SN (X)) — £ (S (X)) + €4 (S (X) — X)),
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for Xy € (Ay,C) and X € 1%(S1,C) (o > 0). Then, assuming we have a S-convergent

sequence of smearing functions Xy N2 X in the sense of Definition 3.1 for a suitable
sequence of Wiener-type semi-norms {pnm}nen, as in (252) below,

lim_limsup pi,s(Xny — S (Xar)) = 0,

M—00 Nooo

we conclude the convergence of the KS approximants as in (250). The first and the third
term of the splitting can in fact be controlled explicitly, so that this is a statement rather than
a hope: we carry it out in Lemma 4.28 and Theorem 4.29, which reconstruct the smeared
Virasoro generators for every smooth smearing function X € 1°°(S},C).

For the first and the third term of the splitting we use the Wiener-type semi-norms

pm(Y) = 5= > (k)™ |Vl Poom(2) = 32 > (k)™ Zy, (252)

kEFN!Jr k€l 00, +
for Y € I(Ay,C) and Z € [(Si,C), which are finite for every m > 0 if Z € 1°°(S1,C).
They dominate the three quantities occurring in Lemma 4.23, uniformly in N: the matrix
elements (233) give Hggt]\;):th_)hO < Cr(k) and, the off-diagonal block being supported on
the O(|k|) momenta between 0 and +k, also ||(57£_LN,€))i3F||2 < CL<I<:)%, both uniformly in NV

and both equally for ¢4 . Since (k) < <k)%, one and the same semi-norm controls both; by
the triangle inequality,

1O 1o + I ()2l < Crpy s (), (253)

and correspondingly |[(<(Z)||n1-po + [|(€£(2))2=l2 < CLpy, 3(2).
The third term compares the wavelet-smeared loop SM (X ) with X itself and is there-
fore a Jackson-type approximation estimate. Its proof rests on one exact identity: by

orthonormality of s the aliasing mass at ¢ is 1 — |3(£)|?, which by (249) vanishes to order
2K.

Lemma 4.28 (Jackson estimate for the loop renormalization group). Let s be a compactly
supported orthonormal Daubechies scaling function whose pointwise decay exponent p of
Remark 3.13 satisfies p > m + 1, let m > 0, and let § € (0,1 — mT'H) Then, for every

X € 1°°(S1,C) with restrictions Xy = XA, and every g > 0,

pOO,m(Sé\g (XM) - X) < C(5M poo,erl(X) + 8]\K/[ﬁimpoo,m—I—Kﬁ (X) + 5}1\/1 poo,2m+q(X))7
(254)

with C depending only on s, m, B8 and q. In particular poo’m(SO]\g(XM) —X)—=>0as M — o0
whenever K3 > m, and the rate is the first-order term O(enr) as soon as K > m-+1. The
exponent K3 is produced by a Hélder split in the proof and is not optimal: every individual
aliasing coefficient is O(|¢|X) while the sum over the replicas converges by polynomial decay
alone, so the true order of (255) is K. The resulting conditions on K are therefore sufficient
but far from necessary.

Proof. By Definition 3.4 the Fourier coefficients of SM (X /) are 5(enrk) (sMXper|k),
and Poisson summation identifies the sampled transform as ¢ MXper|k =Y icz )A(k+2m- Jent
Adding and subtracting §(e Mk:)X i therefore gives

2L poom (Saa (Xnt ) < Z S(enrk) — 1| X +Z Y™ 8(Enk) ) | Kpsori/en |
1#£0
—1 = 1I
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the sums running over I' 4.

Term 1is the smearing error and is of first order: § is smooth with ||5'||oe < [3 [s(z)|dz <
oo by compact support, so [5(eark)—1] < [|8[|ocenr| k| by (106) and I < [|3[|ocear 2Lpoc,m+1(X).
This is the centre-of-mass offset of Remark 3.5 once more, and it is the only first-order con-
tribution.

Term 11 is the aliasing error. Substituting [ = k+2mi/eys and using (k) < (1) (2mi/ep) <

Cepr (i),

I < Cey™ > (I™X)) (@)™|8(enrl — 27i)).
l i#0
We claim that
> @)™5(€ - 2mi)| < ClERP, €l < . (255)
i#0

Indeed, orthonormality of {s(-—n)},ecz is equivalent to Y, , |3(¢ — 27i)|* = 1, whence

=) |86 = 2mi)]? =1 - |39 = O(&7F)
1#0

by (249). In particular every single aliasing coefficient obeys |§(§ — 2mi)| < 5(5)% for i # 0,
while |§(€ — 2mi)| < C(i)~? for [¢] < 7 by (113). Splitting each factor accordingly,

D (™86 — 2mi)| =Y (@)™8(€ — 2mi)|P13(6 — 2mi)| P < 8(8) s01- N (iyme (=),

i£0 i£0 i#£0

and the remaining sum converges precisely because f < 1 — p . With (¢ ) O(J¢)5)
this is (255). Applying (255) with £ = eps0 to the momenta w1th leml] < bounds their
contribution to II by CEAKf—mZL Poom+ip(X). For lepl| > 7 we use instead ), (i)™|5(§ —
2mi)| < C(€)™, which again follows from (113) with the term i ~ ﬁ dominating, together
with 1 < (ep(l)/7)%; this contributes Ce?,2L po 2m4q(X). O

Theorem 4.29 (Reconstruction of the smeared Virasoro generators) Let s be a compactly
supported orthonormal Daubechies scaling function which is f—regular in the sense of Defi-
nition 3.12 and whose pointwise decay exponent p of Remark 3.13 satisfies p > 2, and let
g e (0,1— 257;) with K > %; by the values of Remark 3.13 this holds from K =9 on, and
Kp > g — which by Lemma 4.28 upgrades the third term below to the first-order rate O(epy)
— from K =10 on. Let X € [°°(S},C) with restrictions Xpr = X|5,,, and let {Xn}nen,,
Xy € (AN, C), be S-convergent to X in the sense that

lim hmsuppN (Xny — S¥ (X)) =0. (256)

M—00 N—oo

Then the smeared one-particle KS approrimants converge to the smeared one-particle Vira-
soro generators,

lim |28 (Xw) — 2(X))gll =0, lim (|02 (Xn) - £2(X)) o, =0, (257)

N—oo N—oo

for all € € h! (T'so,+), and consequently, exactly as in Theorem 4.25,

dim || (e (X (L8 (X)) : —La () @] =0,

for all ® € D(AL((-))). Thus every smeared Virasoro generator Ly (X) with smooth X is a
scaling limit of Koo-Saleur approzimants, and not only those of the form Li(SM(X)).
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Proof. Insert the splitting of Remark 4.27. Its first term is bounded, uniformly in
N, by Cp, pN’%(XN — S¥ (X)) according to (253). Its second term tends to 0 as N —
oo for each fixed M by Lemma 4.23, with the rate (248). Its third term is bounded by
CLpOO% (SM(X)) — X), again by (253), and therefore tends to 0 as M — oo by Lemma 4.28

applied with m = %, which is admissible because p > g and K3 > % Taking lim supy_,o
at fixed M and then letting M — oo gives (257); the second-quantized statement follows
from (234) as in the proof of Theorem 4.25. O

Remark 4.30 (Two-scale rate, and the basic sequences). The proof gives more than the
limit: for every M < N,

HESEN) (Xn) — fi(X)HhHaﬁho <(Cp pN,%(XN — SM(Xu)) + Cx.ars Sﬁin{s’l} +Cx e,
(258)

by (253), (248) and (254). The three terms are the price of the sequence, of the generator
approzimation at the fine scale N, and of the smearing at the coarse scale M; only the
middle one improves to min{d, 2} under the re-centring of Remark 4.24; the last one is first
order for the same centre-of-mass reason once K > 10, and is o(1) without a rate for K = 9.
The basic sequences of [23] are the special case Xy = SN (Xnr) at fived M, where the first
term vanishes identically for N > M and (258) reduces to (248) plus the fized smearing
offset.

In analogy with the Corollaries 4.10 & 4.21, Lemma 4.23 implies the convergence of the
Bogoliubov transformation with smeared generators, see (155):

Corollary 4.31 (Convergence of smeared KS Bogoliubov transformations). Let s € C“(R)
be a sufficiently reqular, compactly supported orthonormal Daubechies scaling function. In
the quasi-free representations wy, we have:

. ~ (N +
(155 ) (2 (4)) = ousas ) (r(A)]] = 0, vA € AL,

uniformly on compact intervals in t € R, for any M € Ny and X € [(Ap,R).

Error estimates. In this paragraph, we discuss some basic estimates of the approximation
errors occurring in the proofs of Theorems 4.9 & 4.16. Explicit control of the approximation
errors is particularly interesting in view of the potential simulation of conformal field theories
on quantum computers using a lattice discretization.

Let us begin with a discussion of the approximation error in Lemma 4.7. Put

N-M
sin m—+£
Qn(m) = H mo(em+j(m + k)), en(m) == cos(ist)Qw,
j=1

so that f,iN)(M, m) = s(eym)en(m)Qn(m) and, by (102), fr(M,m) = s(en(m+k))Qn(m)(m+
g) This yields the ezxact, division-free splitting
SN, m) = (M, m) = 3(ers(m+k)) [en(m) — (m+5)] + Qn(m) [3(exm) — $(en (m+k))]en(m) .

=: (A), discretization =: (B), centre-of-mass mismatch

(259)
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The two terms are of different order in ey. For (A) one has, with z = enx(m + %) and
| cos(3enk)?sine(z) — 1| < |sine(z) — 1] + sin(tenk)?,

[(A)] < [3(enr(m k)] Im+§|(\ sinc(en (m+5))

€ 2
(k) ) (260)

which is O(e%;) and, crucially, carries the decaying factor 3(epr(m + k)). For (B) we use
that § is entire with ||3'||oc < 3 |#][s(z)|d2z < 0o, s being compactly supported, so that

(B)] < |18l enlk| [m + 5], (261)
which is only O(en).

The case k = 0. Here (B) vanishes identically and (259) closes completely:

Z | (N)( m) — fo(M,m) Z |5(eprm)| 2‘sinc(aNm)—l‘2 (262)

meEl oo, + mEl o, +

< Error?(6, L,0,N) |[5(ear )7 145

where, for § € [0, 2],

Error?(6, L,0,N) := 2L sup (14 Ljm))20+9m? | sinc(epm) — 1|2 (263)
mel oo +
< 2L(FPHeR sup RS = B(F)0eh (0 =2),
x
x? 1
6

using 1 — 2= < sinc(z) < 1, whence sup, |z|~*|sinc(z) — 1> = 5;. The Sobolev norm
15(ear ) 2145 = = > (1+ L\m]) (1+9)|5(pym)|? is finite precisely when s is (14 6)-regular
in the sense of Definition 3.12; by Remark 3.13 the value § = 2 requires K > 9. Thus

Error?(3,L,0,N) < Cs 1, 9 20N, (264)

with an explicitly computable proportionality factor Cs 1.

According to the proof of Theorem 4.9 this controls the Fock-space error: since ||(l75[Nk) -

N .
Lo ) RM©)I2 < €2, S 1A (M, m) — fi(M, m)[? (the sum over I € Tz in the proof
of Lemma 4.7 contains a single non-vanishing term, and Lysepr = L), the bound (21) gives,
for & = RM(n,), p=1,...,n, and M < N7

(@ (L))~ Lo,s)al (61)...al (6,)Q0 | <BLError(, L, 0, N)|[&(ens -l [npllar.  (265)
p=1

The case k # 0: the centre-of-mass mismatch. For k # 0 the term (B) is genuinely present
and of first order in ey. Its origin is elementary: writing pu(s) := [« s(x)dx for the first

moment of the scaling function, one has §(0) = 1, §'(0) = —iu(s) and hence, for each fixed
m7
N = 1t iu(s)enk + O(h) = e 1 0(ed). (266)

The leading deviation from 1 is thus m-independent and is exactly the phase picked up by
the k-th Virasoro mode under the translation T, by a = enpu(s), since Toly 1T = eiikaétk.

"Note that the states af(&1) ... a'(£,)Q0 have the norm ||af(&1) ... a'(£,)Q] = [1— [€plloo, for &u, ... €n
orthogonal.
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In other words, (B) records nothing but the offset between the lattice origin and the centre
of mass of sV), which for the Daubechies family is far from zero: u( xs) = % Yon b,
e.g. 1(48) ~ 5.995 and p(108) ~ 16.869 (with supp( xs) = [0,2K — 1]). Consequently, the
re-centred comparison of Remark 3.5 — i.e. comparing aﬁ(Li]\f,g ) not with L j but with
its translate Ty Ly 1T, = e N an = enp(s) — removes (B) to leading order
and restores the O(e%;) behaviour of the k = 0 case. This affects only the rate, never the
limit, since eF#($)enk 1. and, as explained in Remark 3.5, it is a comparison convention
which we carry along rather than build into Definition 3.2.

We can now give the complete estimate for k # 0, splitting I's, + into the N-th Brillouin
zone and its complement. Throughout, p = K — K; > 3 and N > Ny(k).

(i) The Brillouin zone |m + k| < m/en. Here (111) applies to @ directly, so (260) and
(261) give, with C; as in (116),

N
ST m) — fiu(M,m))? (267)
\m+k|§$
<2\ [2.CTR%N Y ImA+EP (L en|m+k])
mElso,+
2 2
+1en Z slem(m+k)P(FIm+51° + & im+£))]
|m+k|< T]rv

where the first sum converges precisely because p > % The second sum is O(1) if s is

3-regular and is O(e?\’;_7) otherwise, so that the second line of (267) is O(ey min{4, 2p= 3})
The first line is the centre-of-mass term and is O(g%); it is absent for k = 0 and after the
re-centring described below, is replaced by a term of the same order as the second.

(ii) The tail [m + k| > m/en. Here Corollary 3.15 bounds f,gN) and Lemma 3.11 bounds
fx by the same expression, so with Cs := C(1 + (L|k|)%2=Mr) 4- ¢,

S 1V m) — fuMm)2 <203 Y (Inf + B2 (14 eprlnl) % (268)
[mek|> In|>

O3 _—2p 872 Cam3=2P 5—(2p—3)(N—M)
< € = — 2
— 2p—3°"M EN (2p—3)ey, ’

n = m-+k running over the shifted lattice I'so 1+ +k of spacing T, and the sum being compared
with the corresponding integral (legitimate since the summand is eventually decreasing, for
m/eny > max{l,|k|}). Note that (268) is finite, and exponentially small in N, for exactly
the same reason that gy(M, .) € £2, namely p > 3.

Adding (267) and (268), we obtain for all k£ and all N > Ny(k):

SR — f(M,m)2 < Ay % + Ag et 2078 (269)

mEl o, +

with A, A2 explicit and A; = 0 for £ = 0 (and after re-centring). Thus the wavelet
renormalization group yields an explicit rate for every k, the exponent being limited by the
regularity of s through p.

Remark 4.32 (The rate at &k # 0 is not an artefact of the estimate). Numerically,
dom |fl§N)(M, m) — fe(M,m)|? decays like 272N for k # 0 and like 274N for k = 0, and
the re-centred comparison of Remark 3.5 restores the rate 2~ for k # 0 while reducing the
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constant by four to five orders of magnitude, so that neither the order 5%\, of the first term
in (269) nor its removal by re-centring is an artefact of the estimate. Separating the two
regions of (267) and (268) numerically confirms the structure of (269): the tail decays at
the rate 20 — 2 (observed 1.55, 3.83, 4.81 for 4s, gs, 108, against 20 — 2 = 1.55, 3.83,
4.81), while the Brillouin-zone part decays at the rate min{4,20x — 2} for k = 0 and at
the rate 2 for k # 0. In particular the exponent min{4,2p — 3} in (269), which is what the
pointwise estimate (115) yields, is off by one from the sharp exponent min{4, 20 — 2}; this
is the usual loss incurred by using the pointwise decay (113) of 3 in place of its L?-averaged
decay. For 4s one therefore observes only 271N and for gs 2738V the predicted 27N
being attained from 19s on, in agreement with Remark 3.13.

Remark 4.33 (Why the sup must be taken with care). It is tempting to factor |5(epr(m +
k))(m+§)|2 out of Y. |!)",§N)—‘)"k|2 and to estimate the remaining supremum of | cos(+enk)? sinc(ey (m+
%))§(€Nm)/§(8]v(m+k)) — 1] against a Sobolev norm of §, in analogy with (262). For k # 0
this is not available: as noted in the proof of Lemma 4.7, § vanishes on 2nZ\ {0}, so in the
Ramond sector the quotient has poles at the admissible momenta m+k € f—;Z\{O} and the
corresponding supremum is +o0o for every N; relaxing SUDyery, o 10 SUDcR makes it 400
in both sectors. This is why we have based the discussion on the division-free splitting (259).
The tail |m + k| > ©/en, where (111) is unavailable, is handled by the uniform majorant
of Lemma 3.14, see (268). An unconditional and completely explicit error estimate, valid
without any regularity assumption on s, is available in the momentum-cutoff setting, see
Remark 4.35 below.

Remark 4.34 (CFT simulation). Concerning the simulation of the a free-fermion CFT
on a quantum computer, the scale parameter N reflects the number of qubits used in the
simulation because it determines the size of the real-space lattice An which forms the basis

for the Hilbert space on which the KS approzimant L(iN,z, acts. The second scale parameter

M reflects the resolution at which the Fock states a'(£1) ... aT(£,)Q are resolved. It should,
therefore, be strictly less than N reflecting at least a doubling of the sampling frequency in
accordance with the Nyquist-Shannon theorem. At the same time, if we fix the length scale
L of the spatial circle Si on which the CFT is supposed to live, we are forced to choose M in
accordance with the regularity parameter K > 2 of the Daubechies scaling function s = ks
since supp( xs) = [0,2K — 1]. This suggest a lower bound on M in terms of K according
to enr(2K — 1) ~ L to ensure that sM) is well-localized in S} .

The choice, &, = Roﬂg(np), p=1,...,n, for the one-particle states means that an arbi-
trary n-particle state a'(&1) ... a'(&,)Q0 is approzimated by projecting its one-particle am-
plitudes onto the subspace generated by the wavelet basis determined by the scaling function
s up to a resolution scale ey = 2 Mey, i.e.:

Ty = Rg*fp = Z <5(6M)(- - x),§p>s(€M)( . —x)

zEA N
M
= (s —2),&)s(c —x)+ Y > WS =), &) (L ),
TE€AQ J=0xzcA;

where 1 is the wavelet associated with s.
The inner products of the states i (a'(€1))..m11(a’(£,))Q0 are accessible according to

Lemma 3.18 in terms of the lattice correlation functions of wof\i:

(s (al (RM (1)) 0, 7 (aT (RY (1)) Q) (aly (RM (m)wi™aly (R (n)wi),

= lim
N—o0
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1

where we explicitly indicated that the creation operators ay are to be realized by the quantum
simulation at scale N.

The full error budget assembled from these constraints, together with the explicit bound of
Proposition 6.3, is given in Remark 6.4; the upshot is that #qubits = O(2M\/d(1 +T)/n)
for chiral observables, and that this square root is lost — and the cost becomes linear in
(1+T)/n — both on the full two-component algebra and along the wavelet route without the
re-centring of Remark 3.5.

Let us continue with a few remarks on the estimation of errors occurring in Lemma 4.15
using the momentum-cutoff renormalization group.

Remark 4.35 (Error of time-evolution). The error bound on the one-particle generators
directly translates to an error bound on the unitary implementer of time evolution (k =0)

by the fundamental theorem of calculus since [gg\’[g,exp(itﬁto)] =0 implies:

il SN
(€558 — o) R () oo < AL — £ 0) R (1) oo (210)

Thus, we can explicitly estimate the error for the analogue of (224) as well as the approzima-
tion of time-dependent correlation functions as in Theorem 6.1 below. For the same reason,
we can estimate the approrimation of correlation functions involving Uy = exp(itL4 o) by

those involving Ut( ) = = exp(itdF_ (E( 0)), cf. Corollary 4.20. By a similar reasoning that
leads to (264), we have for § € [0,2]:

H(N t) pM ) 12 B
(50— .0) L R () 12 <X (sup BRECLY 13, ™ 0(dem) [P+, (271)
&,_z nely,+
:% for 6=2

which shows that the asymptotic approximation error for the time-evolution behaves as ~
272N for fized M (5 = 2).

Remark 4.36 (Error estimates for k # 0). For k # 0, the error bound on the generators
can be used to obtain an error bound (asymptotic in the time t) for the associated unitary
groups acting on analytic vectors {em }men, which are in the image of RM. To this end, we
observe that:

1™ = €)oo <t (6N = 0)€lloo + D HI((ENMY = 01)¢]oo,
j=2

N)

which is convergent for some t > 0 whenever & is analytic for 6™, 0. Thus, we can, for

ezample, consider 6N) = T(iNk) and o = r4 i, and exploit (208) to deduce for k # 0:
(N +1+
IGLD - denlle < 4237 (% ) R R,
This immediately implies (for sufficiently small t > 0 if k #0):
=(N) N

1 2

i) it (V) (2(jm| + 3|k])?)
ek — Tk e < ti(r - e )
||( ) mHoo = ||( +.k ﬁ:,k) m”oo 1 —2(]’m\ + %|/€])t

(272)
T(| % +3+9)
because ( ) k| 7’“m‘+ o

imation of the unitary group associated with 14 .
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1
This last step is lossy, and it is worth separating the two mechanisms. The factor (QJJ) 2 <

27 is sharp up to (7Tj>_% and costs nothing, being exactly compensated by the (1)7 in (208).
What is lossy is the replacement of

j—1
iT(a+7 . m
kP =TT (ml+ 516+ lk)), a=l+3,
=0

by (2(Im| + &|k[))74!, which is crude precisely in the regime |k| < |m| relevant for the
conformal limit, where the product stays close to (|m| + %|k|)J. Retaining the Gamma-
quotient and summing the binomial series as in (209) instead of estimating it termuwise
gives

iti ™) _(N) —a
(% — et r)en oo < Y = resdemllo +AL[(L = K1) = 1 — altld],  (273)
valid on the whole interval t < ﬁ of (210), whose length does not depend on m, whereas
(272) is confined to t < m and thus degenerates for high momenta. For small t the
second term of (273) is 2L a(a+1)(|k|t)? + O(t3) ~ 2L(|m|t)?, smaller than the 16L(|m|t)?
of (272) by a factor of 8.

Thus, we find that for small t > 0 (independent of N ) the approzimation error (in the
limit N — o0) for the unitary groups can be explicitly estimated in terms of the error given
for the gemerators.

Being less explicit about the one-particle vectors used in (235) (or (224) in general), we
can always get the following bound for the approximation error, valid for all t > 0, when

restricting to a spectral subspace hg}i = P[M,fM]bgi)i of o for some finite cut-off M < oo,

(e — el o <t (6N = 0)€]| oo+ (1+a) (€M — (14 M) [[€ ]| oo +b(e" — (148))[[€] o,

with £ € hfé‘i, and assuming the powers of the approximants (5(N ))j are constructed as
uniformly o’ -bounded operators, i.e. ||(6™)) €00 < al|0?€||oo + b|I€] 0o

4.2.5 Koo-Saleur approximants of the equivalent XY model

For completeness and in view of our companion article [73], we also provide the expressions
for the KS approximants in terms of the single-component fermion b using (79):

~ T “
(V) _ b\ _icyk (N) by
Lk - 8%1’ Z (Z;T > e 1N 6k,l’—l mod f—ﬁgk (l,7l) <6T ) ’ (274)
Z,ZIGFN+17:‘: = N —1
Ny =14 —eiNFsin(en(I+ %)) —i(ei™Fsin(end) + e 1V sin(en )
b 7 ? i(easnk sin(aNl/%k) + e~ asnk sin(aN%)) —e~1eNk sin(aN#) 7

SN .

—(N) by i —(N) b

V=g X (;;T > TN it moa 2l (1) (l;T )
LVelnyp =\ Y N —1

i

wny =1 e i sin(en(l - §))  —i(e ¥ sin(eng) + e sin(en5h))
) . ) . .
* \iem ik sin(en “FE) + eisvE sin(en L)) eievk sin(ey L)
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Alternatively, we may derive the KS approximants directly in terms of the single-component
fermion on the doubled lattice Apy1, which results in:

~ Nt .
N by N b
V=L ¥ (%) M@0 <6Tll>’ (275)

LVET N 11

EIEN)(Z/, 1) = S ( —sin(en1(I+1")) e—ien+1(+5) cos(éeNHk)) ’
' e

ien1(=3) cos(Leny 1 k) —sin(enp (L + 1))
NN .
—(N) bl’ —(N) bl
B0 -p oy (i) s (i),
bL, bl
LI'el i\ ! l
™y — sin(enyt1(l+1)) e*iEN“(l*g)cos(%aNHk)
k (lvl)_dfk,l’*l ien41(I'+5) 1 . / :
e 2) cos(5en+1k) sin(en+1(L+1"))

But, it should be noted that these alternative expressions are not directly comparable to
those in (274) because they arise through the Fourier transform on Ayi1, not Ay, and,
therefore, refer to the (symmetrized) Hamiltonian density

T(N -2

hg(c ) = %EN+1(b1‘b$+5N+1 - b;rcbit-i—eNH + b$—€N+1b$ - bjc—sNHbit)?
of the single-component fermion, which is related to the Hamiltonian density of the two-
component fermion by the half-shift x — x + eny1:

N (N 7 (N
h™M =N B z € Ay. (276)

This is more than a caveat: (276) determines the discrepancy exactly. Splitting the sum
(150) over Ay according to (276), using Ay U (Ax +eny1) = Any1 and ey = 2en.1, and
writing the resulting two-valued weight as

1’ Yy e AN _iovk . .
, =e 4°N (cos(laNk) +isin(lenk) e“’y/ENH),
e~henety e Ayyi\An 4 1

where ¢™/eN+1 = +1 is the staggering sign on A N+1, We obtain

HY) = 9ok ( cos(benk) Y + isin(lenk) ALY /5N+1), (277)
with I:IéN) = %6N+1 ZyeAN+1 eiqyfzg(jN) the modes of A™) on the doubled lattice. Thus

the two-component mode at k is a combination of the single-component mode at k and of
the umklapp mode at the zone-boundary momentum k + 7/¢yn41, with mixing amplitude
sin(}enk) = O(enk). This is the precise sense in which (274) and (275) are not directly
comparable: they agree to leading order in ey, and differ at first order by an umklapp
contribution. It also accounts for the prefactor of (274): the phase eTiNF there is exactly
the one appearing in (277), so it originates in the half-shift and not in the Koo-Saleur
combination (151) — note that the latter contributes no further phase, since ﬁéN) enters
(277) with cos0 = 1. The same trigonometric factor cos(%a ~k) pervades the chiral symbols
(163), as one expects given that both it and (277) arise from the sublattice structure; we do
not track the precise power through the chiral projection here, as (161) computes it directly.
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5 Approximation of Wess-Zumino-Witten currents

We use the same approach that shows the convergence of the KS approximants to the
Virasoro generators in the scaling limit to approximate the currents of some Wess-Zumino-
Witten models. Similar to the Virasoro generators and the KS approximants the currents
of these WZW models can be obtained as normal-ordered second quantizations of certain
one-particle operators [22, 27, 92], i.e. normal-ordered fermion bilinears.

The U(1)-current. For simplicity, we describe the adaptation of the procedure for the
(chiral) U(1)-current,

T (@) = 7o (L )7 () o, z € S, (278)

in the Neveu-Schwarz sector of 91((;;)_ first. J_(z) is a local bosonic field on Sa(hg)_) with
the following commutation relations [76]:

(@), J-()] = 3:0(z = y) , (279)

which reflect the presence of a non-trivial central charge ¢ = 1. At finite scales, the direct
analogue of J_(x) is given by the lattice current:

N
J )(33) = ¢i|m¢+|x7 x € Ay, (280)
as an element of ng\f)_ As for the Virasoro generators, J_ can be approximated by J®) in
the scaling limit representation m_ on Sa(h((;;)_) using the asymptotic maps aJOVO : ng\;rl —
ng)_ as in the Theorem 4.9 using the wavelet renormalization group,

(@l (M @) = (L Y )r (4 (V) < (281)

and similar for the momentum-cutoff renormalization group as in Theorems 4.16 and 4.25.
We infer from (281) that the approximants for the wavelet renormalization group are
localized operators in the even subalgebra of Ql((;r)_ with a localization region determined by

(EN).

the support of the scaling function s

In momentum space, we have the following picture:

Jok=:dF (jp): =g > 7 +|l+k T (i), (282)
leroo —
~(N (N - »
‘]Ig )= dFO(]](g )) = ﬁ Z ¢1\l+kw+|lv
ZGI‘N’_
such that :W,(a]OVO(J,gN))) D= :dFC(j,(gN)) : with LEN) = RéVO],iN)(Rﬁ)*. The one-particle
operators j ,gN), Jji are the (unitary) momentum-space translations on bg\fl respectively f)f;or )_
(N) 2 - .2 -

(y,ﬁ E)m = €m—r, (kE)m = &mt (283)
for ¢ € bs\J{i or h _, satisfying the implementability condition (19) and with matrix ele-
ments:

(N N .
G mn = 2L 0500 (ji)mn = 2L0m nsh- (284)
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Since the off-diagonal parts of ji satisfy the Hilbert-Schmidt condition,

1GR)==l3 =D 0(F)0(F(n —k)) < oo, (285)

n€ls, -

and,

jk :jfk ’ ]Z :j—k‘a (286)

(+) )

the expression for j—,k; in (282) results in a densely defined, closable operator on Sa(hoo’_

[15, 27]. As before, we define the smeared U(1)- and lattice current,

A N A A
TN x) =5 3T XY, J(X)=o S X g (287)
keFN,Jr k€l 0o, +

and their one-particle analogues,

. 5 (N . S
iMX) = > Xy, X)) =5 > Xk, (288)
kGFN,_;_ kEFoo,+

for with sufficiently regular X € [%(S},C) respectively X € [(Ay,C) :. For real X = X,
i.e. iX € u(1), the Lie algebra of U(1), J_(X) and J™)(X) are self-adjoint and induce

automorphic Bogoliubov transformations of Ql(ﬁ

respectively QLEC;)?
Ad 000 (@ (©) = al (@ e), Ad o0 (7-(a!(©)) = 7 (al (€T00)),  (289)
for £ € bg\}i or [)((;;)_7 and t € R.

Comparing the matrix elements (284) with those of the one-particle operators of the
Virasoro generators and the KS approximants (233), we see that the convergence results of
Section 4.2.4 apply to the approximation of the U(1)-current by (280) in the scaling limit.
In fact the situation is considerably better than for the Virasoro generators, because ji is a
unitary momentum translation and no discretisation of a derivative is involved. Two points
nevertheless require care, and we treat them first.

The modification of Section 4.2.2 is needed here as well. As it stands, j]iN) of (283) is
the cyclic shift on I'y_: for the |k|£ momenta n € T'y_ with n+k ¢ I'n_ it produces
n+k— 82—; instead of n 4+ k. For & > 0 these are the momenta at the upper edge of the
Brillouin zone, and the wrap-around sends them to the lower edge — that is, across the
Fermi point n = 0. Consequently jliN) acquires off-diagonal matrix elements of modulus one
relative to the Hardy decomposition, and

- 1
G = o), = (K1E)2 for all N, (290)

which does not tend to 0. The third hypothesis of Lemma 4.23, and with it the estimate
(234) in the form used in Theorem 4.25, is therefore unavailable for the unmodified currents.

We accordingly replace j,iN) throughout by

—(N _
j,(c ). ﬁ Z Xry (N + k) entr ® €n, (291)

nEFN7,
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exactly as in (163); j,(fN) is a partial isometry, it still satisfies 3,(6N)* =3

mentability condition (19), and it agrees with j,iN) on momenta of order EX; once N > M,
so that none of the asymptotic statements is affected.
What is gained. With the modification, the one-particle analysis becomes exact rather

than asymptotic.

(N)
—k

and the imple-

Lemma 5.1 (Convergence of the one-particle currents). Let RY. be the momentum-cutoff
renormalization group and j,(CN) = RéVOﬁN)Rg*. Then, for every k € I's + and every N

with 7 > 2[k|:

(i) %N) and ji, agree exactly on the span of {e, : n,n+k € I'y_}, and the difference is
supported on momenta of modulus > % — |k|;

(ii) the off-diagonal blocks vanish identically, (jng)
Schwinger-cocycle error at any finite scale;

— jk)+x = 0, so that there is no

(iii) Hj,(CN) — jkll = 1 for all N, while for every § >0
=(N .
175 = el po = £ (292)

(N)

(iv) Ty -0 |G — Gk)€lloe = 0 for every € € b

No reqularity of the scaling function is assumed.

Proof. Since RY is the sharp cutoff, iN) restricts to 'y, shifts by k, deletes what leaves

the Brillouin zone, and embeds; on the set in (i) this is precisely e, — €,1k, i.e. jr, whence
(i). On the remaining momenta — those with n ¢ I'y _, and the |k|£ edge momenta — the
difference equals —ji, and there n and n+ k have the same sign because [n| > 7= —|k| > [k[;
hence the difference is block-diagonal relative to the Hardy decomposition and (ii) follows.
For (iii), the difference is a partial isometry composed with a projection, so its norm is 1;
being supported on columns with (n) > %(% — |K|), its norm from A’ to h¥ is at most

(%(% — |k]))™® < Creyy, and the matching lower bound follows from ¢ = e, with |n| just
above . Finally (iv) states that Z|n|2$_|k| |€4]? — 0, which holds for every & € /2. O

Note the contrast with Lemma 4.15: the exponent in (292) is § uncapped, whereas for the
KS approximants it saturates at min{d,2}. The reason is (i): for the currents there is no
bulk error whatsoever, the sole source of error being the truncation to the Brillouin zone,
whereas the KS approximants additionally replace n F % by 5&1 sin(en(n F %))

Theorem 5.2 (Convergence of smeared lattice currents for m_). Let s be a compactly
supported orthonormal Daubechies scaling function — no regularity is required — and let
X € I(Ap,C) for some M € Ny. Then the smeared lattice currents JN)(SM (X)), built
from the modified approzimants (291), converge strongly to the U(1)-current J_(SM(X)):

lim |7 (a3 (S SV (X)) : == (S2 (X))@l =0 (293)

oo
N—o0

for every ® € D(N), N the number operator — in particular on all of Sglg(Dstd) — and with
the rate

1 (@ (TN (SN (X))): —T-(SE (X)) < Cxs bl dD( NS (20)

for every 6 > 0 for which s is (§ + %)—regular in the sense of Definition 3.12.
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Proof. By Lemma 5.1 (ii) the two pair terms of (22) are absent from dF_ G(N)(S%(X)) -
F(SM(X))) as soon as 2 > 2|k| for every k in the support of Xper within Ty 4, so that
only the two diagonal terms of (234) remain and no Hilbert-Schmidt estimate is required.
These are bounded slot by slot by H(;(N)(S%(X)) — §(SM(X)))&plloo, which tends to 0 for

every §, € f)O;r " by Lemma 5.1 (iv), after splitting off the smearing error exactly as in the
proof of Lemma 4.23 — which here needs no Sobolev weight at all, since [|jx|| = 1 makes

5 >k | X1| a sufficient majorant. Together with the uniform bound ||dF_(j 7 )(SN (X)) —

JSM(X))P<yl| < 250, | X1|, which follows from (16), a density argument gives (293) on
all of D(N). For (294) one inserts (292) instead and sums over k by means of Corollary 3.10,
which converges under (§ + 3)-regularity as in (307). O

Remark 5.3 (Currents versus Virasoro generators). It is worth collecting how much simpler
the current is. (a) No regularity of s is needed for (293), in contrast with Lemma 4.7
and Theorem 4.25. (b) The convergence holds on D(N) rather than on a core of finite-
particle vectors, and the relevant bound involves the number operator instead of the conformal
Hamiltonian — no analogue of Lemma 4.17 is required, ji being bounded. (c) The Schwinger
cocycle contributes no error at any finite scale, by Lemma 5.1 (ii); the central charge ¢ = 1 of
(279) is reproduced exactly for 7 > 2|k|, not merely in the limit. (d) The rate is % with no
cap, the only error being the Brillouin-zone truncation. Numerically (with L = m and k = 3)

the measured rates of |5\ — jxllnsspo are 0.00,0.51,1.02,2.03,3.05 at 6 = 0,1,1,2,3, the
value at § = 0 being exactly 1; and the off-diagonal Hilbert-Schmidt norms are exactly 0,

against (\k|L) for the unmodzﬁed currents, cf. (290).

WZW-currents. We illustrate the adaptation of the procedure for the U(1)-current to
non-abelian currents by the example of the level-1 (chiral) ti(D);-currents. Here, u(D)
denotes the Lie algebra of U(D), the unitary group in D dimensions. The t(D);-currents
are given by:

. ’)T ( —ikx 7T
Zt (YT (ﬁz =5 Z T (295)

7] 1 keFoo —

where the matrices {t“}fifl are a basis of the Lie algebra u(D), and we use D-component

(chiral) complex fermions Ql((;r’)_( D) =2¢ AR([)(JF’)_ ® CP). The finite-scale analogues of the
non-abelian currents and the associated approximants are given by:

T = 3 I, = I anG, o)

1,j=1 kel n,—

with the one-particle operators that also satisfy the implementability condition (19):

D D

(N),p 2 : iHE 3

G = 3 i, O S IR
j=1

j=1

for bg\;r ® CP respectively ¢ € h ' ® CP. The finite-scale one-particle operators are

mapped to the scaling limit by j](C s

componentwise.

= Révo ( ],(c i MY(RY)*. where asymptotic maps are used
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It is natural to use the Hilbert-Schmidt norm || . ||2 p on the basis elements t# as it is
directly related to the Killing form on u(D), and by the Cauchy-Schwarz inequality we have:

13 nllbm ocp Sl “IIQDZII Millgy = 11113 D||77||h(+) oCD (298)

D
17k 5!!2<+> oeo < 050 D 1Gilh., =

=1

The convergence results for the non-abelian lattice currents as, for example, in Theorem 5.2
follow directly from the estimate:

~(N), . .
G = FOREI G gen < Ht“llzpz 1GEY = o) RE 1%, (299)
=1

as this reduce the problem to setting of the U(1)-current.

A similar reasoning applies to any non-abelian gi-current of the form (295) associated
with a (simply-laced) Lie algebra g and representation A determining the level k = k(X),

possibly by using the Majorana algebras ’B( )_ and B instead.

o0, —

6 Approximation of correlation functions

The convergence results of the previous sections for the approximation of Virasoro generator,
their unitaries and the associated Bogoliubov transformations allow for the approximation
of (chiral) correlation functions of the resulting fermionic continuum field theories in the
scaling limit. Explicit error bounds can be obtained along the lines outlined in the last
paragraph of Section 4.2.4.

Fermion correlation function. Using either the wavelet or the momentum-cutoff renor-
malization group, we obtain the following approximation theorem concerning the dynamical

(£)

(chiral) correlation functions of fermions. We state the theorem for complex fermions 24",

()

but an analogous statement holds for the Majorana fermions B, 7, as is clear from the
structure of the proofs in Section 4.2.4.

Theorem 6.1 (Convergence of fermion correlation functions). Given the quasi-free repre-

()

sentations my of the fermion algebra A", arising from the scaling limit states wy. Then,
for any M € Ny, A,B € ot )i and uniformly in t € R on compact intervals, we have:

. N N N N N
Jim (@5, 78 (@l ()of M 7 (N (B))wy) = (R0, 7 (a3 (A))or(m (o (B))))
where wéﬁ), WiN) are the GNS-vector and -representation of w((){j[), and gy € Sa(f)g}i) 18

the standard Fock vacuum. O't(N) and oy are 1-parameter (semi-)groups of (automorphic)

Bogoliubov transformations generated by a finite-scale KS approzimant (163) or a (non-
Jabelian current (280) & (296) and their scaling limits respectively.

Proof. Let us first introduce the short hands:
N N N N), (N N
(4, B) = (Y, 7 ()™M (7 (B)wlY),  Cu(A, B) = (Q0, 72 (A)oy (74 (B)) ) ,
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for either A, B € Ql%i or A,B € Qlc(,f)i, as well as,

i (4, B) = (Q0, me(A)57") (m(B)) )
with the approximation 5§N) of o4 given by 5't(N) = Ady, (o (Uy (1)) because UISN) = Adyy )

is inner by construction, i.e. Un(t) € ‘215\1,—1 Thus, the statement can be rephrased as:

o0

lim ¢V (0N (4), 0} (B)) = Ci(adl(4), ol (B)).

‘We observe that:

O (0¥ (4),aX(B)) = (Wi, 78 (X (A) Adyy 1y (M (B))wiY) (300)
= WM (X (A) Adyy iy (X (B))),

CM (M (A), M (B)) = (Q0, (7 0 o) (@ (A) Ady, ) (¥ (B))))
= wy(al (a) (A) Adyy @ (aN (B)))) ,

Thus, we can estimate:

O (aM(A), aM(B) ~Ci(a2l(A), o2(B))|

< | X A), aX(B) - i (02 A), o2(B)|+|C (02 4), aX(B) — Ci(all(A), (B
< (S0, 7 (aM(A) (61"~ 00) (s (24 BY) Qo) |+ (W~ ™)) (M A) Ad iy (1) (M BY)|
<JANNGEN =00 (mi (@B |+ (@~ D) (@M A) Adyy (1 (oM B))]

Thus, the result follows from Corollary 4.10 (or 4.21 & 4.31) provided:

lim [(w!™—w§) (@l (A4) Ady, o (¥ (B)))) = 0.

N—o0

But, this is itself a consequence of Corollary 4.10 and the fact that wy is the scaling limit

of wéﬁ). To see this, we observe that Corollary 4.10 implies for 7g = 7y (the standard

Fock-space representation) that Oy = o}/ (A) Ady, (e (B)) converges to an element
O € Ql( ) for any M € Ny : A, B € ) and t € R (uniformly on compact intervals):

lim lim ||ON—04§(OK)||: lim hm ||a (ON)— (aN(OK))H

K—00 N—oo K—oo
< lim hm ||a o(ON)— OH+ lim hm Ha (On)— N(aﬁ(OK))H
= Jim Ha (On) = Ol + lim ||O—Oé (Ol

:0,

with O defined by mo(a (A)o (mo(aX (B), and mo(all (On) =mo(a (4)5 (mo(a (B)).
Finally, the scaling limit construction of wy gives (see Lemma 3.18):

Jim WY (af(0x) = we(a(Ok)), VK € No,
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which defines wy on the dense subalgebra (Jxqy, o (Ql(i) ). The extension to O € ngf,)i
can be determined via the approximating sequence o (O):

wi(0s) = lim wi(al(O)) = lim lim wi(af (O))
(N)

) K
= Klgnoo ]\}E)n wo,+ (On) + hm A}gnoo W((),i (On — an(Ok))

_ (N)
= ]\}gnoo wp,+ (ON) -

which proves the result. To achieve uniform convergence in ¢ on compact intervals, we need
the following estimate:

(WM =iy (0n)] < |wON —aK (0| +1(@P -0 (0K (0K ) |+ |w§ ek (0K) —On)]
<2)On -k (0| +](w!! )—wEVK)Kg(oKn
<2([aX(On) ~Oll+[0—aX (0r)]) + [« — {2 MOx]-

Since, by Corollary 4.10, || (On)—O|| and |O—aX (Ok)|| can be made umformly small for

t in a compact interval, we only need to show that this is possible for ||w§[K) — ! N K OK|

(K)

as well. But, this follows from the fact that w](VK_) .+ approximates wi ' in the sense of

Lemma 3.18, and provided || Uk (t)|| < C}K) is uniformly bounded in ¢ on compact intervals
I C R (obviously true in the unitary case) because:

1Ok || < 1Ux@)IPI1AlIBI.

g

Corollary 6.2. The statement of Theorem 6.1 remains valid, if A, B € Ql(i) (for some
M € Ny) are replaced by convergent sequences { AN} NeN,, {BN}NENO in the sense of (91).
Then

dim (w7 (Ao (7 (B)))wflY) = (0, me(A)or(me (B) )

where imy 00 X (Ax) = A and limy_o, oY (By) = B.
Proof. This follows using,
(b s 78 (AN = (R0, e (A)00) = (w78 (A Y) = (Qo, me (@l (An)) )
Q

+ (0, 4 (a2 (AN)) Q) — (Qo, 71 (A)Q)
= (s — ™M) (AN) + wi (@ (An) - A),

repeatedly applying the triangle inequality, and the observation that,

Jim_ [l (Axo;™ (By)) = Aou(B)] = 0,

by applying Corollary 4.10 to the standard Fock-space representation . O

84



We can now make Theorem 6.1 quantitative for the case relevant to a simulation, namely
the chiral time evolution. Two features of the momentum-cutoff renormalization group make
this possible without any intermediate scale: the one-particle generator Ego) is a Fourier
multiplier, so the lattice dynamics does not move momenta at all, and a]\N/[ maps into the
span of {el}lepm .- The renormalized observable therefore stays supported on momenta
|l| < 7 for all times, and only the deviation of the vacuum symbols on those momenta

enters.

Proposition 6.3 (Explicit error bound for dynamical correlation functions). Let RY. be the
momentum-cutoff renormalization group, let M € No, and let A, B be monomials of degrees
da, dp in the standard generators a;]), x € Ay, of (34). Let U§N) and o, be generated

by the chiral conformal Hamiltonian, i.e. by Lgo) and L4 . Then, for all N > M and all
teR,

[ (@) (4), 0l (B)) — Cilad(4).a(B))] < (datdp) mu(N) + gdi O [t] X, (301)

~
ground state dynamics

1
where Oy := (Znem,i 9(£n)[n|®)2 and

nu(N) = nax HSO O] =

Proof. Following the proof of Theorem 6.1 we split

€ — Gl < @b — o)0m)| + 141|557 - om0 (B)

)

with On = a} (A) Ady, ) (i (B)) and [|A]| < 1, the generators at? being of norm one.
Ground state. Both w& i) and wiN) = wy oY are quasi-free with momentum-diagonal
symbols, the latter with S’éév)(l) = 9(I) exactly, by Remark 3.21. Since o}/ maps into
L (N)
span{e; }ier,, . and Ady, @ (a(§)) = a(e’wivof) with é(ij\fo) a Fourier multiplier, Oy is a
monomial of degree da + dp in generators a(¢) with [|€]| < 1 and € supported in Ty, for
every t. The determinant estimate (137) of Lemma 3.18 therefore applies with the symbol
deviation taken over I'js 4 only, and gives the first term of (301). The two cases in (302)
are (142) and, for the chiral subalgebras, the corresponding restriction: by (65) and (129),

}%(1 + sign(l) cos(3enl)) — 5(1 + sign(l))’ = sin(ile)2,

and en|l| < 5N£ = g2~ (N=M) op I'ps+ in both cases.
Dynamics. By (224) and HR%((SS‘?)HOO =1,

H(CN’EN) — o) (m+(a Z H Mio o ZtZiO)RM(‘S:(cJZJp <[t Z H EJ\,[ —txo RM((S:(ﬂp’])p)Hoo,

the second step being (270); note that for k£ = 0 the off-diagonal blocks vanish, ¢ o being
diagonal, so no Hilbert-Schmidt term occurs and the bound is linear in ¢ for all ¢. Inserting
(271) with § = 2 gives the second term of (301). O
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Remark 6.4 (Quantum simulation: the error budget). Collecting the pieces, we can now
state what a simulation of a chiral free-fermion CFT costs. Let nn > 0 be the target accuracy
for the dynamical correlation functions of Proposition 6.3 on a time interval |t| < T, and
write d := d4 + dp.

(1) The two error sources scale in N — M, not in N. By (301) and ey = 27V,
both terms are governed by the ratio ey /ey = 2~ N=M) — the dynamics term because

@Msif = 5;/[%2_2(N_M). This is as it should be: M fizes the physical resolution at which the
observables are prepared and read out, and N — M is the number of additional refinement
steps.

(2) Chiral observables are quadratically cheaper. On the full two-component algebra
A+ the ground-state term of (302) is of first order, and it then dominates the second-order
dynamics term. The obstruction is precisely the chiral entanglement (65) of the massless

)

lattice vacuum: the off-diagonal block piP/s;:Oij is of order enk, whereas its continuum

()

counterpart vanishes. Restricted to a chiral subalgebra 2Ly, — which is where the conformal

structure lives, cf. Section 4.2.3 — the deviation is sin(%el\rl)2 and hence of second order,
matching the dynamics term.

(3) Resource count. The simulation is carried out on the transverse XY chain (81) on
An41, so the number of qubits is #An+1 = 2Ln11 X 2N For chiral observables, (301)
gives total error < d (1 + @Me?wT) 272N=M) " g0 that N-accuracy requires

N—-M> %logz (Cd(1+T)/n), hence #qubits = O(2M\/d(1+T)/77). (303)

The prefactor 2M is fized by the two constraints of Remark 4.34: M < N (Nyquist-Shannon)
and epr(2K —1) S L, d.e. 2M > 2K — 1, so that sM) is well localized in S} . Since the rate
5%\[ used above requires 2-reqularity, Remark 3.18 gives K > 5 and hence M > 4; the value
0 = 2 in (271) dtself is unconditional, no scaling function entering the momentum-cutoff
estimates.

(4) What one loses along the wavelet route. With the wavelet renormalization group the
generator error is O(en) rather than O(g%;), by Remark 4.8, so (303) degrades to #qubits =
O@2Md(1 4+ T)/n) — a quadratic loss. The re-centred comparison of Remark 3.5 restores
the exponent % Localization in real space, which is what the wavelet group buys, is therefore
paid for in qubits unless one re-centres.

(5) Currents are cheaper still. For the U(1)- and WZW-currents, Lemma 5.1 gives
a generator error O(e;) with § arbitrary, subject only to (§ + %)—regularity of s, and no
Schwinger-cocycle error at any finite scale. The ground-state term of (302) then becomes the
sole bottleneck, and #qubits = O(2M\/d(1+ T)/n) is attained already for chiral observables
of the current algebra without any condition beyond 2-regularity.

Virasoro correlation functions Since the (smeared) KS approximants converge to the
(smeared) Virasoro generators in the scaling limit representations w1 using the momentum-
cutoff renormalization group (possibly in combination with the wavelet renormalization
group for the smearing functions) by Theorems 4.16 & 4.25, we obtain an analogue of
Theorem 6.1 for correlation functions involving the Virasoro generators or their associated
unitaries, cp. [97]. A subtle difference arises from the fact that the KS approximants are
only strongly operator-convergent on the Fock-space vectors with finite particle number in
momentum space, Sglg(Dstd), and not operator-convergent in the sense of Corollary 6.2.

Again, we state the theorem for complex fermions ngf)i, but an analogous statement holds

(£)

for the Majorana fermions B ", .
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Theorem 6.5 (Convergence of Virasoro correlation functions). Let s € C*(R) be a suf-
ficiently regular, compactly supported orthonormal Daubechies scaling function. Given the

(£)

quasi-free representations my of the fermion algebra 27 arising from the scaling limit

. . N—
states wt. Then, for anyn € N and S-convergent sequences of smearing functions Xy =

Xp, N € Ny and p = 1,...,n with sufficient reqularity as in Remark 4.27, for example,
XnNp = S]A\;Ip (Xp) for X, € (A, R), we have:

n

lim (Qo, [ : (7x 0 ) (L (Xn)): Qo) = (R0, [] Le(Xp)02

N—oo
p=1

and similarly,

n n
) (N) .
li ir(mroall)(LE (Xn,p)): - iL4 (Xp)
Jim (9, JIE Qo) = (2, [] Q) ,
p=1 p=1
where Q is the standard Fock vacuum of Fa(h Oic)i) Moreover, the finite-scale correlation
functions of the scaling limit state wy can be approximated in terms of the renormalized
finite-scale states:

n

(€0, [T (72 0 )L (X)) : Q0) = ™ ([TEE (Xivp) — V(L) (X))
p=1

p=1
: - N N N
= Jim i ([T (X)) - o8 (E (X))
p=1

p=1
and similarly,
- (N) ) (N) (1 (V)
(QO7H6i:(wioa§o)(Li (Xn.p):0)p) :w:(tN)(HeiLi (X ) =it (L (X))
p=1 p=1
n
- N) il (X p)—iw (Y (L) (X )
= lim w( (He + N, ax (bt (XNp)y
M+
M—o0 i
n
im WM eioNar (B8 (Xw o) —ieofc ol (L8 (X )
= lim w( (He Nymlbt (AN 0+ \ONyMm N )
0,+ )
M—o0 i}
where wiN) =wioal.

Proof. The statements follow from a direct application of Theorem 4.25 and Corollary
4.26, the identity,

(ms 0 o) (LYY (X)) = (ms 0 ) (LYY (X)) — w§ ) (LYY (X)),

and the convergence, according to Lemma 3.18, of the renormalized states w](évl at finite
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(),

scales to the scaling limit w}

(920, ( ﬁ s (o (LY (X)) H L+ (X)) (304)
p=1
<310, T[22 0tn,):) 7o N(LiM(XN,q»):—Li(Xa)(ﬁ L+(X,) )|
q=1 p=q+1 p=1
<ZH H mi (@M (XN ) QOHH( i (o (L(iN>(XN7q)));_Li(Xq))((ﬁLi(Xp))Qo :
P=q+ p=1

and similarly,

QO, (H RE i (e (LY N) (XnN,p)) H ezLi ) (305)

p=1
i (ol (LS (X p )7 ((gioma (@ (LY (X g )): _ i (Xq) 7. (Xp)
<Z Qo,(plgrl #lGoollay {ANp )(e +Foolig TN et q)(pl;[le * p)Qo)’
iy (oY (L) (X i (@ (L (X, g))i _ il (X) s iLi(Xp)
N [ s 1 CER Y

<ZH( s (0 (L) (Xn.a))i il Xq)(HezLi XP)QO

In the case of correlation functions of Virasoro generators, the two estimates (304) & (305)
do not yet finish the argument, because Theorem 4.25 provides strong convergence only
on %glg(Dstd), whereas the vectors Hg; L+ (X,)Qo appearing there do not lie in that do-
main: already L4(X)Q0 = al(£+(SM (X)), _)alQp is an infinite two-particle superposition,
since after smearing the off-diagonal block (4 (SM(X)))4— = 5= >, X (04 k)+— is Hilbert-
Schmidt but no longer of finite rank — in contrast with the unsmeared case, where ({4 )+~
is supported on the finite strip {n : +n > 0, F(n F k) > 0}, cf. (235). What is needed to
close the gap is therefore the following two ingredients, which we isolate because they are
of independent interest and are not implied by Theorem 4.25 alone.

Proposition 6.6 (Uniform energy bound, smeared). Let s be 1-reqular in the sense of
Definition 3.12, let M € Ny and X € [(Apr,C). Then there is Cx > 0 such that

| ime (@ (L (SM (xX)))): | <

U e D(Lio), (306)

for all N > M : the smeared KS approzimants obey the linear energy bounds of the smeared
Virasoro fields [13, 16] uniformly in the scale N.

Proof. By (223), :ms (o (LY (SM (X)) := LdF.(G™) with

G = 1D (SM (X)) = 522 ST sM (%), 1Y),

k‘EFN7+

so it suffices to verify the two hypotheses (239) of Lemma 4.17 for GW) in place of E; k),
uniformly in NV; the remainder of that proof then applies verbatim.
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For the first, insert the fixed-k bound of (239) and use ﬁQN_M = ﬁ together with
Definition 3.4:

N-M
A3 GMAT | < 320 37 | TT mo(earssh)| [ Kper ()] (k)2 (307)
keln 4 j=1
< Sl 37 (1K) P(R)2 =: ex < oo,
k€l o, +

where the second step used Corollary 3.10, whose hypothesis |ep/k| < 2N=Mp ig satisfied
precisely because k ranges over the Brillouin zone I'y +, and where the last sum is finite —
and independent of N — if and only if p — % > 1, i.e. exactly under the standing hypothesis
of 1-regularity. This is the only point at which the regularity of the scaling function enters.

For the second, Lemma 4.23 shows that the Hilbert-Schmidt norms |[(G™)) 4|2 con-
verge as N — 00, so that vx := supys ([ (GM) 4 _|la + [(GN))_4|l2) < oo. Lemma 4.17
now gives (306) with Cx = £(12cx + 6vx), say. O

Granting Proposition 6.6, the proof of Theorem 6.5 is completed as follows. First,

iterating (306) and using Ly 0o = h€y, with h = 0 in the Neveu-Schwarz and h = %

(resp. 1%) in the Ramond sector, bounds || [y Wi(aéVO(L(iN) (Xnp))) : Qo uniformly
in N, which is what (304) requires. Second, Hg;i Li(Xp)Q lies in D(LY ) and is, for

sufficiently regular X,,, the norm limit of its finite-energy truncations P<pg Hg;} Li(X,)Q €

alg (Dgtq); combining this with (306) and Theorem 4.25, applied to the truncations, gives

q—1
Jim | (rs (@2 () L (X)) ( I1 L(X,)) 9| =0,
=
by an §-argument, and similarly for (305). We stress that Proposition 6.6 — the lattice
counterpart of the Buchholz—Schulz-Mirbach /Carpi—Weiner energy bounds — is exactly the
ingredient that this argument requires, and that it is used here uniformly in the scale N;
and that, by (307), the regularity of the scaling function enters this section at one point
only, namely through the summation over the smearing modes. O

Remark 6.7 (Mixed correlation functions). Theorem 6.1 € 6.5 can be combined to obtain
convergent expressions for mized correlation functions, i.e. those containing insertions of
(£)

operators in ng)i respectively B ", Virasoro generators, WZW currents and their asso-
ciated unitaries.
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